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Quantum time crystal by decoherence: Proposal with an incommensurate charge density wave ring
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We show that time translation symmetry of a ring system with a macroscopic quantum ground state is broken
by decoherence. In particular, we consider a ring-shaped incommensurate charge density wave (ICDW ring)
threaded by a fluctuating magnetic flux: the Caldeira-Leggett model is used to model the fluctuating flux as a bath
of harmonic oscillators. We show that the charge density expectation value of a quantized ICDW ring coupled to
its environment oscillates periodically. The Hamiltonians considered in this model are time independent unlike
“Floquet time crystals” considered recently. Our model forms a metastable quantum time crystal with a finite

length in space and in time.
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I. INTRODUCTION

The original proposal of a quantum time crystal (QTC)
given by Wilczek [1] and Li ef al. [2] is a quantum mechanical
ground state which breaks time translation symmetry. In this
QTC ground state there exists an operator () whose expectation
value oscillates permanently with a well-defined “lattice con-
stant” P, thatis, with a well-defined period. Volovik [3] relaxed
the condition of permanent oscillation and proposed the
possibility of effective QTC, that is, a periodic oscillation in a
metastable state such that the oscillation will persist for a finite
duration Ty 3> P inthe time domain and will eventually decay.

In this paper we promote Volovik’s line and consider the
possibility of a metastable QTC state without spontaneous
symmetry breaking: We consider symmetry breaking by
decoherence of a macroscopic quantum ground state (Fig. 1).
Decoherence is defined as the loss of quantum coherence of a
system coupled to its environment. Coupling to environment
will inevitably introduce friction to the system such that the
oscillation will eventually decay at t = Tgamp. However, for
1 < Tg < Tgamp the oscillation period P is well defined. If
friction is sufficiently weak such that P < t¢, then we have
a model of effective QTC with lifetime 7.

Our model consists of a ring-shaped incommensurate
charge density wave (ICDW ring) threaded by a fluctuating
magnetic flux [Fig. 2(a)]. A charge density wave (CDW) is a
periodic (spatial) modulation of electric charge density which
occurs in quasi-one-dimensional crystals [5]: the periodic
modulation of the electric charge density occurs due to
electron-phonon interaction. If the ratio between the CDW
wavelength X and the lattice constant a of the crystal is a simple
fraction like 2, 5/2, etc., then the CDW is commensurate with
the underlying lattice. A commensurate CDW cannot move
freely because of commensurability pinning; i.e., the CDW
phase is pinned by the ion’s position in the crystal. On the
other hand, if A /a is effectively an irrational number [5], then
the CDW is incommensurate with the underlying lattice. An
ICDW ring with a radius of 10 um, for instance, contains
approximately 107 wavelengths [6], so it is possible that
a/X is very close to an irrational number. See the discussion
section for an elaboration of this assumption. The sliding of
an ICDW without pinning is described by a gapless Nambu-
Goldstone (phason) mode [5] and the energy of an ICDW is
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independent of its phase (i.e., position), which implies that
the expected ground state of an ICDW ring is a superposition
of ICDWs with different phases. Ring-shaped crystals and
ring-shaped (I)CDWs have been produced [7] [Fig. 2(b)]. The
presence of circulating CDW current [8] and Aharonov-Bohm
oscillation (evidence of macroscopic wave function) [9] is
verified experimentally.

We show in Sec. II that the charge density expectation
value of an isolated ICDW ring with moment of inertia / is
periodic in time with period P = 4z [ /. This periodicity is
a consequence of the uncertainty relation on the S! (ring).
However, this oscillation becomes unobservable at ground
state because the ground state of an isolated ICDW ring is a
plane wave state, i.e., a coherent superposition of ICDWs with
different phases. Therefore, in Sec. III we use the Caldeira-
Leggett model [10,11] to show that time translation symmetry
is broken by decoherence. More precisely, the superposition
is broken by decoherence and the amplitude of the ICDW
oscillates periodically [Fig. 2(c)]. If the ICDW ring weakly
couples to its environment then this state is a metastable ground
state. Therefore, our model forms an effective QTC with a finite
length in space and in time.

Before developing our main arguments, we compare our
work to recent developments of QTC. In analogy with spatial
crystals, the original proposal of a QTC is based on the
spontaneous breaking of time translation symmetry. However,
Bruno [12] and Watanabe and Oshikawa [13] theoretically
proved that spontaneous breaking of time translation symmetry
cannot occur at ground state. Recently, it was shown that
there is a notion of spontaneous breaking of time translation
symmetry in periodically driven (Floquet) states [14] and this
idea was proved experimentally [15]. On the other hand, the
periodic oscillation we consider in this paper is inherent to
ring systems with a macroscopic wave function.

II. GROUND STATE OF AN ISOLATED ICDW RING
A. Classical theory of ICDW ring

It is well known that the electric charge density of a
quasi-one-dimensional crystal becomes periodic by opening
a gap at the Fermi wave number krp and forms a charge
density wave (CDW) ground state with a wavelength A = 7/ kg

©2017 American Physical Society
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FIG. 1. The concept of translation symmetry breaking by deco-
herence is illustrated. (a) A simplified version of the two-state system
considered by Leggett et al. [4]. A particle can tunnel through a
potential barrier and exist at two states simultaneously. However,
if this system starts to interact with its surrounding environment,
then the particle will localize at one of the states. (b) Similarly, the
ground state of a free particle confined on a ring is a plane wave
state. Coupling to environment will localize the particle and break
rotational symmetry. This “particle” corresponds to the phase of an
incommensurate charge density wave ring (ICDW ring) in our model
(Fig. 2).

[5]. Consider a CDW formed on a ring-shaped quasi-one-
dimensional crystal with radius R. The order parameter of this
CDW ring is a complex scalar A(x,f) = |A(x,t)| expl[if(x,1)],
where |A(x,?)| is the size of the energy gap at kg, 6(x,7) is
the phase of the CDW, x € [0,27 R) is the coordinate on the
crystal, and 7 is the time coordinate. The charge density is
given by

n(x,t) = ng + ny cos[2kgx + 6(x,1)], €))]

where ny is the average charge density and n, is the amplitude
of the wave. Bogachek et al. [16] derived the following La-
grangian density of the phase of a ring-shaped incommensurate
CDW (ICDW ring) threaded by a magnetic flux
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where A is the magnetic vector potential, Ny =

vEh?N(er)/(2c3), N(er) is the density of states of electrons
at the Fermi level per unit length and per spin direction, vg
is the Fermi velocity of the crystal, co = /m/m*vg is the
phason velocity, m* is the effective mass of electrons, and /
is the reduced Planck constant. We first consider an isolated
ICDW ring with A = 0. Assuming that N(eg) is equivalent
to the density of states of electrons on a one-dimensional
line, that is, N(ep) = 1/(hivg), we have Ny = hivg/(2rc}).
An incommensurate CDW (ICDW) can slide freely because
of spatial translation symmetry, so the dynamics of an ICDW
is understood by its phase 6. We further assume the rigid-body
model of ICDW; i.e., the ICDW ring does not deform locally
and the phase 6(x,t) = 6(t) is independent of position. Then,
the Lagrangian, the canonical angular momentum, and the
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FIG. 2. (a) We consider an incommensurate CDW ring threaded
by a fluctuating magnetic flux. This figure shows a commensurate
CDW with A/a =2 because it is easier to visualize. The wave
(typically ~10° wavelengths) represents the charge density and
the dots represent the atoms of a quasi-one-dimensional crystal.
(b) ICDW ring crystals such as monoclinic TaS; ring crystals and
NbSe; ring crystals can be produced experimentally [7-9]. Our
model can be tested provided clean ring crystals with almost no
defects and impurities can be produced. (c) The ground state of
an isolated quantized ICDW ring is a superposition of periodically
oscillating ICDWs; hence the oscillation is unobservable. Coupling to
environment (fluctuating magnetic flux) will break the superposition
and the oscillation becomes apparent.

Hamiltonian of the ICDW ring are, respectively,

27 R
Lo(®) = f dxZ£y(0) = £6°, 2
0
. OLo®) _
7o(0) = — 5= =10, 3)
Ho(e) = 06 — Lo@) = 72 4
o(mg) = mp0 — o()—g, (€)]

where 6 = df/dt and I = liRvg /c% is the moment of inertia.
We note that (2), (3), and (4) are time independent.

B. Quantization of an isolated ICDW ring

Next, we quantize the ICDW ring system. We show that a
quantized ICDW ring possesses an inherent oscillation which
originates from the uncertainty principle. Let Hy = #2/21)
and 7y be the Hamiltonian operator and angular momentum
operator of the ICDW ring, respectively. The macroscopic
quantum state ¥ € S is defined in the Hilbert space 7
of positive square-integrable functions with the periodic
boundary condition (6 + 2m) = ¥(0). The canonical com-
mutation relation [8,7%,] = i is not satisfactory because 0 is
a multivalued operator and is not well defined. Ohnuki and
Kitakado [17] resolved this difficulty by using the unitary
operator W and the self-adjoint angular momentum operator
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7ty defined by

< i . .. 0 (0)
OIWIY) =y (©6), (Olfly) = —ih 59
which satisfy the commutation relation on J#
[0, W] = AW. ®)

Hy is a function of 7 only; hence the complete orthonormal
set {172 _., of momentum eigenstates spans .7’ and satisfies

Yi(0) = €' /2. The eigenvalues of #, are quantized
with (|79 |¥) = (h,l € Z. W and W1 are ladder operators
which satisfy le = Y41 and th, = Y;_1. Therefore, (5)
is the one-dimensional version of the well-known angular
momentum algebra [18]. Time evolution is introduced via
the Heisenberg picture: #iy(r) = ¢/ 0!/ ftye~1Hot/i and W (1) =
el Hot /iy o=iHot/h 4 commutes with Ho, so #(7) = . From
the commutation relation (5) we obtain the following solutions
of W(1):

W(r) = /! We 2 = We”ﬁ"/le%, 6)

where u = I/h. The two different fixpressipns in (6) arise
from the noncommutativity between W and e''*#/! . For a QTC
we need a periodic expectation value at the ground state. So,
we define the time-dependent charge density operator
n s
Ae.t) = no+ [ W() + Hel (7)
and replace the classical charge density (1) by the expectation
value

n(x,r) = (i(x,0)) . ®)

Any states in . must be a linear superposition of {;},
thatis ¥ = ) ,_; c;¥; provided ), lc;|* = 1. Therefore, the
expectation values (W (1)) and (A(x,1)) are periodic with period
P = 4w u for any state ¥:

N 1 N N
(W) = SalW @ + 5]
_ %/ 66 [e% p(6 +1/1.0)

+ (0,0 — t/pw)e 1.
)

From the two different expressions of W (¢) in (6) we can define
the Weyl form of the commutation relation [19]

Weitto/l — eirﬁg/lWef%;
hence the phase ﬁ and the periodic oscillation with period
4 is a manifestation of the uncertainty principle. For
an alternative explanation, let us consider an electron with
effective mass m™* confined in a finite space with volume L ~
2R. From the uncertainty principle, the momentum uncertainty
of this particle is Ap ~ /i /(4R). This means that the particle’s
wave packet expands with velocity v = Ap/m* ~ I /(4m*R).
Then, because of the periodic boundary condition, the phys-
ical quantity W = ¢*/* is periodic with period P = A/v ~
4am*R [(hkg) = 4mm* R /mvg = 471Rvp/c(2) = 4m . So, the
origin of the periodicity is that (i) the macroscopic wave
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function of the ICDW ring diffuses due to the uncertainty
principle, and then (ii) W = ¢ oscillates periodically. How-
ever, the oscillation in (9) is not observable at the ground
state Po = [v¥o) (Yol because (0]00]¢) = % and the 6 integral
vanishes. Therefore, the ground state of an isolated ICDW ring
is not yet a time crystal because of superposition.

III. COUPLING TO ENVIRONMENT

Now, suppose that the ICDW ring starts to interact with
its surrounding environment at t = 0. Then, we expect
decoherence of the phase 6. This interaction is modeled
using the Caldeira-Leggett model [10] which is a model
quantum Brownian motion. It describes a particle coupled
to its environment. This environment is described as a set
of noninteracting harmonic oscillators. First, the classical
solution 6(¢) is calculated to study the dynamics of the ICDW
ring. Next, this system is quantized to calculate the amplitude
of the charge density expectation value (7i(x,?)).

A. Classical theory of ICDW ring with environment

Let us consider the following Lagrangian of an ICDW ring
threaded by a fluctuating magnetic flux:

1, 1 1
L©6.q.9) = 310+ A(q)f + Z mqj - Ema) q’
j=l

(10)

where ¢; are the normal coordinates of the fluctuation and
7o = 0L /30 and pj = 8L/8qj are the canonical momenta
of the ICDW ring and the environment, respectively. The
fluctuating magnetic flux is given by

N
Zcqj.
j=1

Classically, this magnetic flux will randomly change the phase
and the mechanical angular momentum 16 of the ICDW ring
due to electromotive force. An equivalent Lagrangian obtained
by a canonical transformation is

Alg =

J

L6O,RR) = l192+ ZR(@) w(R(G)—C9> ,
ma)

(11
which is the Lagrangian of a bath of field particles R; coupled
to the phase 6 by springs. R;(p;,0) = —”];'1;09, Pi(q;) =

mw;q;,and C; = cw;. Equations (10) and (11) are precisely
the kinds of Lagrang1an considered by Caldeira and Leggett,
so we can use the results in [10] but with slight modifications
due to the periodicity of the ring.

B. Classical solution

The equation of motion of 6 obtained from the Lagrangian
(11) is the generalized Langevin equation [20]

16(t) + 2/ dray(t — 1)0(t) = £(1) (12)
0
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with the dissipation kernel o(r — ), the memory function
y(t — 1), and the classical fluctuating force &(¢) defined by

I1d
a(t =)= 1TyOp —7)+ 57yt — 1),

N 2
yit—1)= Z Imiz)z. cosw;(t — 1),

J

P;(0)

ma)j

j=1
N

E)=) C; |:Rj(0)coswjt+ sina)jt].
j=1

The correlation function of the classical force is given by the
noise kernel

(E(E))eny = Nar(t — 1),
N 2

Cs how;j

J j
r — = th it — )
ar(t — 1) Ej 2o, co <2kBT) cosw;(t — 1)

where the average (-).,, 1S taken with respect to the environ-
ment coordinate at equilibrium. It is convenient to define the
spectral density function
N 2
T C;
J(w) == .
@) 2 ; m;w

J¥j

(w — wj) (13)

and assume the power-law spectrum 7 (w) = Ig;w’ [21] with
a cutoff frequency 2 and 0 < s < 2. Then, ar(f — 7) can be

written
Ig, (% ho
/ »® coth
g 0 2kB T

The classical solution of 6 is

0(t) = G(HH(O0) + G(1)0(0) + %/ dtG(t — DE() (14)
0

ar(t — 1) = ) cosw(t — T)dw.

with the fundamental solution

_ -l 1
GOy =L [zz—i-z?(z)](t)’

where £7! is the inverse Laplace transform. The Laplace
transform of the memory function y (¢) can be written [11]

g 1/2—s)
7@ =0 wy = ( . ‘Ym) :
sin 5

and G(t) takes the form of a generalized Mittag-Leffler

. k
function Eqy g(x) = Y ;o NIk

G(t) = tEy_y o[ —(wyt)* 1.

For Ohmic damping with s =1 and p(z) = g1 =2y, we
obtain
1— 6721/[
Gty = ———. 15)
2y

G(t) and G(t) are shown in Fig. 3. We note that G(t) ~ 1fort
less than some damping time scale Tgamp,s- In other words, the
fluctuating magnetic flux does not affect the dynamics of an
ICDW ring fort < Tgamp,s and €™ oscillates periodically with
period P ~ 47 . Next, we quantize the ICDW ring + envi-
ronment system to show that this oscillation is observable for a
finite time 7 and forms an effective QTC as a metastable state.
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FIG. 3. These plots are shown with g, =1 Hz>™* and w=10"8
sec. (a) The fundamental solution G(¢) of a classical ICDW ring
coupled to its environment is shown for sub-Ohmic (s < 1), Ohmic
(s = 1), and super-Ohmic (s > 1) damping. Note that G(¢) ~ ¢ for ¢
less than some time scale Tgump,s- The time ¢ is normalized by 47,
so the horizontal axis gives the number of “lattice points.” (b) The
derivative of the fundamental solution, G(r), heuristically describes
the velocity of the ICDW ring. Note that G(t) ~ 1 for t < Tgamp,s-

C. Quantization of ICDW ring coupled to environment

The ICDW ring 4 environment system is quantized
using the commutation relations [7y,W]=AW and
[4,px]l = ihdj;. Define the orthonormal position state

lq) = Hf\; 1 1gi) and the orthonormal momentum state
Ip) = ]_[f\il | pi) such that

0
9lgl¥) =q; @lv), (dlp;ly) = —iha? (qly), (16)
J

and the inner product of |q) and |p) is defined as (q|p) =

L exp(%q - p). The periodic boundary condition of the

2k
ring implies that (0 + 2mwn|iy) = (0|7y) for some integer
n; hence the angular momentum eigenstates are quantized
(WilRelYn) =11 =0, +,£2, ..., |7t) = i~ |yn),
01y = ﬁe’“’. Moreover, one can easily show that

(0.pI70,q) = (6,R(O)[76,P) . a7

W is independent of the environmental coordinate. So, the
expectation value of W is

n 1 T 4 N
W) = 5 / dé; / dep(Brart) (1 W161)

1 [7 T "
s / do; f Ay 6 W o) p(rs60sD),
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where the reduced density matrix of the ICDW ring is (see
Appendix A)

p(6r,$p,1) = f do, / i Y p(6:,6:,0)

11,12€Z
X J (6 + 2nly, ¢ + 2l 15 6,0i,0). (18)

The exact form of J(6,¢x,t;0;,¢;,0) for Ohmic dissipation
s =1 was calculated in [10]. For general damping with
arbitrary s the computation of the reduced density matrix is
essentially equivalent to [10] and we obtain

J (6. @15 6,,¢:,0) = F*(t) exp (,%S[wfl,w;] - F[%T])
(19)

(pCJY = %(Gcl +¢a) and ¢4 = ¢q — 6 are the classical
coordinates obtained from the Euler-Lagrange equation:

1¢4u) + 2/ drog(Dou(t —u) =0, (20)

Igb:{(u) + 2/0" drgojf(r)oq(u —1)=0, (21)

whose solution is given in terms of boundary conditions
¢ = 0a (0.9 = 95 (1):

Qo) = kiu; Dt + Kk p(us D (22)

0q ) = ki (t —u; )op +kp(t —us g, (23)
o GO . G

ki(u;t) = G(u) GO Gu), «yr(ust)= GO (24)

The classical action and the noise action are given by

Sled 051 = Sale e .t 07 ,07,0)
= —I[of(e; — o O 1,
Flggl = Tale;.1:¢;.,0)

1 t t
= ﬁ/o dtfo dt'o” (Dar(t — )e " (s).

F2(t) is a normalization function such that tr[p(r)] = (1) = 1.
The winding numbers /; and /, can be absorbed into the 6y and
¢r integrals, respectively, by changing the domain of 6; and
¢r from S' to R'. Then, taking care of the non-Hermiticity of

~

W, we obtain

rr@) +ry (@)

) +r5 ()

r1+=/ do; Z oG — f1(1),6:,0)

nes;(0,t)

(W) = (25)

—inm—ipd i) +4 f1(1) f1()-TaQmn.t; £1(2),0)

X e
b
e :/ do; Z p(6:,6; + f1(2),0)
- neS(6,1)
x e*innfi/wf-](t)*%“f](f)fl(f)*rcl(zﬂnqﬁfl(f),o)

PHYSICAL REVIEW B 96, 094308 (2017)

r;:/ do; Z PO — f2(1),6,0)

neS,(0,1)

—ipd r(O+L f(0) fo(t)—TaQrn.t; f2(1).0)

xXe
b
= / do " p6 + f0).0)
7 neS(0.1)
x @O LO=% L0 LO-Ta@rn.t: £2().0)

with fi(t) = 27nG(t) — G(1)/ 1, fo(t) = 270G (1),
Si@.)={neZl—m <6+ fi(t) <m}, and S,(0,1) =
{neZ|—nmn <0+ fo(t) < m}. This is the most general form
of the expectation value of W for an ICDW ring coupled to
its environment. Although the derivation of (25) is exact, it is
not very insightful, so we make some approximations.

D. Early-time approximation

Let us consider the classical solution (22) with (pjl = 0
and Ohmic damping (15); then we see immediately that
0(r) ~ 6(0)e~2r". Therefore, we are interested in the ranget <
1/(2y) = Tdamp,1. For general dissipation, we can see from
Fig. 3 that there exists a time scale Tgamp,s such that G(¢) ~ ¢,
G(t) ~ 1 for t < Tdamp,s- Then, writing t = 2nI(m + a)/h
for an integer m and 0 < a < 1, we have S1(0 < —2am,t) =
{m + 1}, S1(60 > —2amn,t) = {m}, and S,(0,r) = {0}. There-
fore, we conclude that S1(9,¢) is approximately the (m/2)th
lattice point. Then, using f;(t) & —G(t)hi/] we obtain the
approximate form

oy [ do Y 6.6~ GO/

4 neS1(0,1)

_G(HG(1)

X exp{i@iG(t)—l —Fcl(27TVZJQf1(l),0)}

+ / o S p:+ G0)/1,6,0)

nESl(Q,t)

GG ()

X exp{i@iG(I)+i —Fc1(2ﬂn,t;f1(t),0)}-

For t < Tdamp,s We have ¢ (7) ~ t/1 and the noise action can
be written

Fa@mn,t; f1(2),0) ~ Ty ()

s [ h
=5 /da)coth d T (w),
2mu Jo 2kgT

T(w) = a)s_4(2 + w’t? — 2cos wt — 2wt sin wt).

hQ

T — O© such that

Taking the low-temperature limit
coth 2 — 1 we obtain

aT
r () = — 2 Q@O R(F 5T ) - 1)
T 3
gst2 QS I(IFZ(%’%*%’—itzQ2)_1)
2T 1 P ’

where | Fy(a;b1,by;z) is the generalized hypergeometric
function. Define the decoherence time tgecon s such that
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FIG. 4. (a) The amplitude of the charge density oscillation is
shown for g, = 1 HZ*™*, u = 107® sec, and € = 1/u. This oscil-
lation is an effective QTC. In general, the oscillation amplitude is
larger for super-Ohmic (s > 1) damping but has a small lifetime 7.
On the other hand, the oscillation amplitude is small for sub-Ohmic
(s < 1) damping but has a long 7. (b) The charge density oscillation
is shown for super-Ohmic damping with s = 1.2, g, =1 HZ"3,
w=10"%sec, and Q = 1/u. The time ¢ is normalized such that
the horizontal axis gives the number of “lattice points.”
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I'7 s(Tdecon,s) = 1. Numerical analysis shows that the order
of Tgecoh,s does not change with 2 < 1/(2u) and decreases
rapidly for Q > 1/2u). If we set 2 ~ 1/u and use the ground
state po, then for t <« Tg = min{Tgamp,s, Taecoh,s} WE have

n(x,t) = ng + n{>(r) cos(2kgx), (26)

GOG(1) ] e TR0 27
2u

Equation (26) is the main result of this paper. It shows that the
amplitude of an ICDW ring threaded by a (time-independent)
fluctuating magnetic flux oscillates for a finite time 7y and
forms an effective QTC. In the no-damping limit p(z) — 0
we have G(t) — 1,G(r) — 1 and recover (W(z)) = 0. This
charge density oscillation is shown in Fig. 4.

n{*(t) = nysinc[x G(1)] cos [

IV. DISCUSSION

First, we elaborate our assumption of ICDW ring. A
mathematical definition of ICDW is that A/a is an irrational
number. We note that a CDW formed on a macroscopic
crystal is basically incommensurate because the wavelength
of a CDW is given by A = /kg, where the Fermi wave
number kg is usually an irrational number for an arbitrary
band filling. However, strictly speaking, A/a of a finite-size
system can never be irrational. A physical condition is that
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the commensurability pinning energy is negligible, which is
possible if A/a cannot be expressed as a simple fraction like
2, 5/2, etc. In order to explain this, suppose that for some
integer M > 2, Ma/) is an integer. In other words, the same
atom-electron configuration is obtained if we move the CDW
by M wavelengths and €;omi. = € (€ is the energy of an
electron with momentum /ik). Then, the energy required to
move a CDW by a small phase ¢ from its equilibrium is [22]

|A|2<e|A|>M > Me?

€@, M) = W 5

€F

where e is the Fermi energy, W is the bandwidth, |A] is the
CDW gap width, and e is the elementary charge in natural
units. We see that e(¢; M) approaches zero rapidly for large
M as the distinction between rational and irrational numbers
becomes academic. For example, for a ring crystal with N,
atoms and N, CDW wavelengths, we obtain A/a = N,/N;.
Therefore, for a large N, and a large N,, M can always be
arbitrarily large (order of N,); hence the commensurability
energy is completely negligible. In fact, we can experimentally
make submicrometer-scale ICDW rings such that, we expect,
N, and N, are not so large but M is very large such that
commensurability energy is negligible.

Usually, superposition of ICDWs with different phases
is not observed because of impurity pinning. However, the
probability of impurity decreases with decreasing radius. Com-
mensurability effect may become significant for small radius
(more precisely, for some small M). But, the origin of the time
crystal periodicity in our model is the uncertainty principle,
which appears as a collective fluctuation of the ICDW phase.
If the commensurability effect becomes significant, then the
ICDW phase is expected to fluctuate periodically around some
phase 6 = 6 determined by the ion’s position. This fluctuation
is expected to become apparent and oscillate periodically by
coupling to environment (fluctuating magnetic flux).

Next, we discuss the presence of an upper bound and a
lower bound for the radius of the ICDW ring in our model.
Decoherence-induced breaking of time translation symmetry
occurs, in principle, only in mesoscopic systems: There is an
upper bound for the CDW radius determined by the coupling
strength ¥ = w;/2 and a lower bound given by the CDW
wavelength A. We will first calculate the upper bound by
replacing the environment with an equivalent LC circuit. Here,
we focus on Ohmic damping because an approximate form of
y can be calculated explicitly. In general, the coupling strength
y depends on the CDW radius R. In order to explicitly see the
R dependence, suppose that the fluctuating magnetic flux in
our model comes from an external coil connected to a series
of parallel capacitors. Then, the Lagrangian of the CDW +
environment system is

N
m
LCerult_LO+MICDWZI ZE —(,() Q )
Jj=1 j=1
Ly is the Lagrangian of an isolated ICDW ring, Icpw = b /7
is the CDW current induced by the fluctuating flux, Q;
is the net charge on the capacitor j with capacitance %,
m is the inductance of the coil, w; = 1/,/m%;, and M is
the mutual inductance between the coil and the CDW. We

094308-6



QUANTUM TIME CRYSTAL BY DECOHERENCE: PROPOSAL ...

immediately see that L 1S equivalent to the Lagrangian
in Eq. (10) but with the interaction Lagrangian replaced by
ézjj\/:l Me ). Therefore, define p; =ml;, C; = Mew’/n
and we obtain the Lagrangian in Eq. (11) after the canonical
transformation

d N
L = Leireuit = > (Micpw + p)Q;
J
with Pj = mR] = mw;j Qj and Rj = _(pj —

MIcpw)/(mw;). Assume that the radius of the coil
Feoii 18 much larger than the CDW radius R and that
the coil and the CDW are concentric. Then, we obtain
M = (uom Rz)/(ZrCOn). Next, integrate (13) with respect
to w from w =0 to w = =1/u and obtain y = BR,
B = (wude’pcd)/(32hrk, mv}.). Here, uo is the permeability
of free space and p is the density of states defined by
Zj — fda),o. If we assume that p ~ Q like in the
Caldeira-Leggett model, then the order of 8 may change
depending on the parameters of the CDW and the parameters
of the coil, but y = BR is usually smaller than 1 Hz. Now,
if the radius of the CDW ring is too large, then periodicity
does not appear because the oscillation period exceeds the
lifetime 7o of the time crystal. The upper bound of the
CDW radius R is given by the condition N > 1, where
N = min{Tgamp,s, Tdeph,s }/ (47 () is the number of oscillations.
For Ohmic damping (s = 1) we have the approximate form
Tdamp,1 = )/71 and Tdeph,1 = v/ /L]/71 = \/Wtdamp.l- Let
ny <1, 1i.e., Tgamp,1 > Tdeph,1 (Which is a valid assumption
because a typical value for p with radius 107 m is 107 s
and y is usually smaller than 1 Hz); then, the upper bound
to observe more than one oscillation is R < ;—f— which

7/vr B
is typically 1 mm. There is also a lower bound determined
by the CDW wavelength A: The radius should be large
enough to define a Fermi surface. This condition is given by
pr = himr/A > h/R. In other words, R should be much larger
than A.

Finally, we discuss how our model can be tested experi-
mentally and discuss how our results may be applicable to
other physical systems. Ring-shaped crystals and ICDW ring
crystals (such as monoclinic TaS; ring crystals and NbSe; ring
crystals) have been produced and studied by the Hokkaido
group [7-9]. Therefore, our model can be tested provided ring
crystals with almost no defects and impurities can be produced.
The oscillation in (26) implies that the local charge density of
the ICDW ring oscillates with frequency w = % /21. For aring
with diameter 2R = 1 um, vp/co = 103, and vp = 10° m/s,
we have @ = 10® Hz. The time dependence of the charge
density modulation can be measured using scanning tunneling
microscopy (STM) [23] and/or using narrow-band noise with
vanishing threshold voltage [24].

We recall that the origin of the quantum oscillation in our
model is the uncertainty principle. If we were to consider a
single particle with mass m™* confined on a ring with radius
R, then the particle’s wave packet expands with a velocity
v~ i/(4m*R) and e’ oscillates with period P =27 R/v.
However, a charge density wave has an internal periodicity
given by the wavelength A. Then the period of oscillation
is P ~ X /v. Therefore, because an ICDW ring is described
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by a macroscopic wave function with internal periodicity, the
number of lattice points N in our model is numerous. And
yet, the periodicity of W(r) seems to be universal for any
wave functions on S' (ring system). Therefore, our results
may be applicable to earlier models of QTC such as [1,2,25]
and annular Josephson junctions [26]. Moreover, it was shown
very recently in [27] that the ground state of a “°Ca* ring
trap possesses rotational symmetry as the number of ions
is decreased. Our results predict that quantum oscillations
may appear in such ring traps with the appropriate setup.
We also recall that Volovik’s proposal of metastable effective
QTC [3] is not restricted to ring systems. Therefore, time
translation symmetry breaking by decoherence may occur in
other systems coupled to time-independent environment, and
without a periodic driving field. We also expect that many other
incommensurate systems such as incommensurate spin density
waves [5], incommensurate mass density waves [28-30], or
possibly some dielectrics that exhibit incommensurate phases
[31] may be used to test our results and to model QTC without
spontaneous symmetry breaking.
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APPENDIX: QUANTUM BROWNIAN MOTION ON S!
1. Reduced density matrix on S!

Consider an ICDW ring A coupled to its environment B.
Let ps and pp denote the density operators of A and B,
respectively. Let 6 and ¢ be angular coordinates on the ring
system A andletp = {p; : k = LN}ands = {s; : k = 1N}
be momentum coordinates of the bath B. Then, the density
matrix of the coupled system can be written

p(0,p,¢.8) = (0,plpas()|¢.s)
2 o]

:/ dﬁd(l)’/ dp'ds'K(0,p,t;6',p’,0)
0 —00

x K*(¢,s,1;¢',8',0) (0",p'| pap(0)|¢",5) ,

where

K(0,p.1;6',p/,0) = (0,ple 7|6, p') (A1)

and

K*(¢,8,1:0',8,0) = (¢'.5'|e"'|,s5) (A2)
are recognized as Feynman propagators if we notice that |p)
and [s) are actually position states after canonical transfor-
mation. The propagators (A1) and (A2) can be written using
path integrals by dividing the time ¢ into N time steps of
lengthe =¢/(N + 1), p = py, P = Po, 0 = Oy, and 8’ = 6.
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. N
hm <exp _ ﬁ)
h

X Kn(envpn AN 9n71,Pn71»0)-

The Hamiltonian operator H can be decomposed into the kinetic part K and the potential part V.ie., H =K + V, which satisfy
the eigenvalue equations

For N — oo the propagator becomes

0o [N-1
K@©,p.t;0',p,0) = < 9’,p’> = lim (]_[ do )/ (]’[ dpn> [
X \p=1

n=1 = n=1

K1¥1.q) = KOP) [¥1,q), V16,p) = V(O,R®)) 6,p) . (A3)

eXp <_%I€> eXp <_%]>) inspnl>

EOO ! / T _da LK P — V6,1 R,y (6y1)
= - €X - nsXn) — |/ n—1,10p— n—
R AT S i 11—t

Then we obtain

K(en»l)n,é;en—lipn—l,o) = Z/ dqn<9nvpn
L VT

1/f1,, »dn >< 1//1” »qn

. i
X €Xp {lln(en - Gn—l) - gqn . (pn - pn—l)}~
Next, define A, =}, cqjn = )_; %Pm and obtain

dq, i€ i€
K(en»Pn’G,en 1>Pn— 10) Z 27'[ /OO (27;;)/\/ {_E’C(lnal)n)_ ﬁv(en—lan—l(en—l))}

ly=—00

X exp {l(ln - An/h)(en - 911—1) + %Pn . (Rn(en) - Rn—l(en—l))}~

The sum over /,, can be replaced by a sum of integrals using the Poisson resummation formula

S =Y / F(©)exp@rle)de. (Ad)
1eZ leZ
Then,
de, dq, ] ]
K (62 Pus: 61,Pa-1.0) = Z f ‘ (Zn;)N {—%ic(;n,m)—%vwn_l,Rn_l(en_]))}

X exXp {l(gn - An/h)(en - 9}1—1 + 27Tln) + lEPn : (Rn(en + 27Tln) - Rn—l(en—l))}-

For our Hamiltonian of an ICDW ring threaded by a fluctuating magnetic flux we have

J

2
(&, An> ! Gt
K(2y,Py) = Gk = An)” + Z —PJZH,V(Gn_l,Rn—l(@n_l)) = Z Emwf (Rj,n—l(gn—l) - ,;w)z : > :
J

We note that that the potential V(@,Rg@)) is rotationally invariant. That is, for an arbitrary rotation 6 — 0 + §, the potential is
V(@ + 5,R@ + 38)) = V(0,R(9)). Let §,, = ¢, — A, /li. We use the fact that the phase space volume is conserved under canonical

transformation. Then,
1 N—1 27
lim ( / do, / dR, (6, ))
mw; e—0

N . 2 .
ie | h” . 1 i€
xexpd 4= | 578 T 22 5P | = 7 VO ReaOnr)
1 J

K(©0,p,t;0',p’,0) =

dP, di,
H Z /oo QCrhN 27

n=11,=

—

1

J

N .
~ 1
X exp E {ié—n(en - 9,1,1 + 27Tln) + EPn . [Rn(en + 27Tln) - Rnl(enl)]}-

n=1
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Solve the ¢, and P;, integrals to obtain

2
K(esp’t;e/vp/vo) = 1_[ !1_13(1)< / d0 / dR (9 )) 1_[ Z 27Tl€h 27Tl€h

j=1 n=11[0,=—

(i1 , im )
X exp Y 4750 = Opt +20) + oo [Ry(6 4 27) = Ry (6,-1)]

n=1

N .
x expy. {—%V(en_l,Rn_lwn_l))}.

n=1

The integral including Oy _ is

2w
Iy_1 = / do dR &
N Z Z 2mieh\ 2mieh / N 1 N-168-1)

ZN —0Q lN—l*

i i1 im
X exp ——(eN — Oyt + 27N + ——(On-1 — On—2 + 2mln_1)* L exp | — — ROy + 27ly) — Ry_1(Oy_1)]?
h 2e h 2e h2e

im ie
X exp {gZ[RNl(GNl +2rly_1) — RN2(9N2)]2} exp {_Ev(eNlaRNl(eNl))}-

The sum over /y_; can be absorbed into the 6y _; integral by changing the domain of 6 _; integration from [0,27) to (—00,00).
This is done by the following procedure: 3
(1) Transform Iy toly = Iy + Iy_; and write Oy_1 = Oy_; + 2mly_; to obtain

27
Iy = / do dR 0
A Z Z 2wieh N 2mieh /0 N 1 WS

ZN=—OOI N—1=

m - -
X exp {——(91v —Oy_1 +27ly)* + ——(91\/ 1—0n-2) }exp {EZ[RN(QN + 2nly) — RN1(9N1)]2}

im ~ 2 1€ ~ ~
X €xp EE[RN—l(GN—l)—RN—2(9N—2)] exp _EV(QN—I,RN—I(GN—I)) .

(2) Change the variable of integration fozn do, — f;:n("ﬂ) df, and change the domain of 6y_; integration from [0,27) to
(—00,00) and use the periodicity of V(Oy_1,Ry_1(6y—1)) to obtain

1 m N oo o0
In- \V 2 On- dRy_1(On_
N-1 IE rmich\ 2mich [ le[ N-1On-1)
N=—00 00 00

i1 i1
X exp {Eg(@v —Oy_1 +2mly)* + EZ(QNfl —Oy_2) } exp {——[RN(QN +2mly) — Ry—1(Oy-1)] }

i m 2 ie
X exp EZ[RN—I(QN—I)_RN—Z(GN—Z)] exp _EV(QN—IaRN—I(QN—I)) .

Repeat this procedure for the integrals involving 6, fromn = N — 2 to n = 1, and obtain

oo 0o [N-1 00 7 p %
K 0’ ’t;e/’ ,’0 = 1 d@n an 911
0 =0 l;oo 51—% /—oo (}:[1 ) / (H 1€ l)> n 2mieh\ 2mieh

n=1

il
0, — 0,1 + 2718, n)?
cosnft Lo,y +2ms, 7]

i€
X eXp { [Rn(en + 277[5/1 N) n l(enfl)]2 - Ev(enlanl(enl))}-

2mieh ZnieﬁN
= , Ap= , (A5)
1 m
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1 (1S a6, 1 [ dR,,(6,)
Do = — .| DR®) = , A6
/ Aa /;oo (g AA) / ©) AB/ (H (46)

+ 2718, v\
| ,N) N

I1/(6,—0,_ R,(6, + 276, —R
Ln(en,Rn(en))=§< T( ©n + Zl0hn)

n— 9”*
1( 1)) —V@6,-1,R,_1(6,-1)), (A7)

€ 2 €
where
L[0.R(©)] = lim L,[6,.R.(0x)] = Lo[0] + L[0.R©)], (A8)
I,
Lol6] = 59 , (A9)
Y C,0
L[6,R6)] = Z R;(0) — Z ~ma; | R;(0) — m_a), (A10)
is the Lagrangian of the coupled system. The action S[6,R(0)] is given by
S[6,R©O)] = / L[6,R(®)]ds = So[6]+ Spl0,R(O)], (A1)
0
Sol6] = / dtL[0], (A12)
0
Sp[0,R(0)] = / dtLg[0,R(6)]. (A13)
0

Now, suppose that we initially have the total density operator given by

pa8(0) = pa(0)p5(0). (Al4)

Then, the reduced density matrix is

p(9,¢,t)=/ dR(0)dQ(0)5(R(0) — Q6))p(¥.p.¢.8.1)

2
=/ do'de’' J(0,¢p,t;60,¢',0)04(0",¢',0), (A15)
0
where
9+27r1 ¢+2ml’ i
J(6,¢.1;6',¢',0) = Z Z / f Dg* exp +(Sol0] — Sol®)F10.9] (Al6)
l=—001l'=—00

is the propagator of the density matrix,

Flo.¢] = / dR(©)dQ(#)dR'(0")dQ'(¢")3(R(©®) — Q(#))ps(P'.s",0)
R©) Q@ i
DR(G) " DQ(#)exp - {S510.RO)] — S5[¢. Q)]

R'(0)

is the influence functional, and Q(¢) = —(s; — c¢)/mw;. Supposed that the density operator pz can be written as a canonical
ensemble at = 0. That is,

_ _exp(—BHz)
trplexp(—BHp)]

Introduce the imaginary time t = —i/if; then the density matrix of the environment at # = 0 is

(A17)

(o' [exp (“FHs)|[$) _ Kp@'.z:5.0)
tplexp (5 Hs)] [ d9K5(a,7:9,0)

pB(p/aS/’O)

094308-10



QUANTUM TIME CRYSTAL BY DECOHERENCE: PROPOSAL ... PHYSICAL REVIEW B 96, 094308 (2017)

2. Momentum representation of the density matrix of a harmonic oscillator

The propagator of a harmonic oscillator with the Lagrangian

1
L =25~ “mox? (A18)
2 2
has a well-known solution
. t
K(x,t;x’,O):/Dxexp%/ Lds (A19)
0
- MO o AL P2 4 ) cos wor — 2xx] (A20)
"~V 27ikisinwt i 2sinot ’
K(p,t; p’,0) is obtained by a Fourier transformation
(o] d d ’ .
K(p,t:p,0)= /;oo an; K(x,t;x’,O)exp}l—i(px — p'x'). (A21)
Let A = =2 lcr‘l’f;” and B = 5%2-; then
F(t i Ap* + Ap”? —2Bpp’
K(p.t: p'.0) = Q) exp AP +Ap pr’
4B2 — 4A2 n 4B% — 4A2
where
202(1 — cos? wt
ap?—apr = MUV OD o (A22)
sin? wt
S0,
) F(t) i
K(p,t;p,0) = o P ES[p(t)/mw]- (A23)
Therefore, using T = —ihp, B = 1/kpT, vj = hwjﬂ and i sinh x = sinix we have
(p'| exp(—it Hg /R)[s)) ]_[ DI exp——12 P+ coshy 275 (A24)
plexp B i1 ;) 27 h sinhv; P S sinh V; m%o? m2w§
and

00 N
telexp(—it Ag /)] = / dafalexp—ivAs/mia) =[] 7=
] H55ms

We are assuming that the environment is not coupled to the system at t = 0, so R; = p/i /mw; and Q’j = s} /mw;. Therefore,

N

/o 1 !y
pe(p’.s.,0) = | |— rs(R’,Q',0), (A25)
=1 ma)j

mao; 2 72 ’ /
op(R’,Q,0) = l_[2s1nh 5 /Znhsmhvj xp—m[(ﬁj + Q'7) coshv; —2Rij]. (A26)

Let us rewrite this density matrix into a simpler form. Define xo; = R; + Q’j and x{, ;= R; — Q’j. Then, using

where

(R;2 + Q/j2) coshv; —2R';Q'; = %(cosh v — l)xgj + %(COSh v + l)x(/)j2 (A27)
and the identity
hv, — 1 inhv; ;
COS' V; _ simhv; — tanh ﬁ7 (A28)
sinhv; coshv; +1 2
we obtain
Y mw} x(%j ;2
p(R,Q,0) = — x| (A29)
M
nj = coth ? (A30)
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3. The influence functional F[6,¢]

Now, we calculate the density functional F[6,¢] explicitly. We will write R and Q instead of R[#] and Q[¢] for simplicity,
but keep in mind that they depend on 6 and ¢, respectively. Then, the influence functional can be written as

o0 R Q
FI6,6] = / dx,dx.dxodx,(1/2V §(x)ps(R’,Q',0) / DR / DQ*
—0o0 R Q/
2

. 1 o
X exp %/0 dsZ[%(R?—Q?)——mw?(Rf—Q?)—i—Cj(QR ~$0) -3 2(92 ¢)} . (A3D)
J

To evaluate this we introduce the variables

(p=9+¢7 ‘Pl=0_¢,

, (A32)
xj:Rj"f'ij xj:Rj—Qj.
Then, the influence functional becomes
[o¢]
Fl0,¢] =[ dx,dx;dxodxi)(l/2)N8(x;)pB(R’,Q’,0)/DXDX/
—00
c2.
2 ’
X exp f ds2|: ma)jxjx +—(<px +<pxj)—2mw§<p<p]
o0 v im i [ (o
= /_w dx,dx;dxodx,(1/2y" 8(x;)ps(R’,Q’,0) exp o ;(x,jx;j — xojx(/)j) — E/(; ds ; mei oo
x/DxDx/e iftdz (x?) +Ci !
Xp {1 — s —g(x)x; + ——ox | ¢,
p h o - g J J 2 (p J
where
’ m.., 1 2 Cj
gx)) = bR, + Emw_ix} - 7@’. (A33)
We note that the classical solution x}yd satisfies the Euler-Lagrange equation
gl ) =0, g(,0)=0, gx\@)=0. (A34)
The path integral over x can be done first. Calling this integral Iy y we obtain
Iy = | DxDx i tdz—(/)'—‘r& ' (A35)
b & Gl exp h 0 S - ng Xj 2(pxj
N—-1 N
1 o dxdx i€ , Cj ,:|
= exp—|—g(x, )x,; + —¢px’ A36
|AB|2/_OO<E |AB|2>£[117[ ph[ g( n,]) sJ 2(p] ( )

N-1

1 [} dx’' N-1
- |~AB|2/ (n |AZ|2) 1_[ (1_[ 5[ g(xn])]) HCXP w i (A37)
—% \n=1 j n=1

|A] 72 is absorbed into the delta functions. The interpretation of the delta function is to insert the classical solution x} ; Into x}
which satisfies g(x} ;) = 0. The outcome is

I = A S / Z—soxd : (A38)
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Therefore, the influence functional is

* ’ ’ im . ./
Fl6,¢] = / dx,dx;dxodxg(1/2)N5(xt)pB(R ,Q',0)exp e E (xtjx,/j — X0, %0;)
o -
J

C;
|A3|2 / Z|: 2mw 2¢¢+7¢x61:|

The x, integral gives a delta function of x;:

o0 . / i ! C2 G, ’ m v
]—'[9,¢>]:/ dx.dxodxy(1/2)V 8(x)8(X)ps(R’,Q’.0) exp —/ ds Y | ——Le'o + ZLox), +——Zijx6j
b A 2me? 2 2~

Insert Eq. (A29) for the density matrix and do the X, integral; then we obtain

Oo /gl / -/ i ' C2 C mp;w; x6.i2 r 2
.7-'[9,¢>]=/_oodx,dx08(xl)8(x,)1:[exp 5/0 ds ~ o 2<p¢+ > —Lox!, | - an a)_§+x0j .

The two delta functions §(x]) and §(x]) can be interpreted as boundary conditions on the classical solution of g(x'(s)) =0
The result of doing the remaining integrals would be to substitute the classical solution of x/;, x| ;- and x) ; Which satisfy these
boundary conditions. The solution to the classical solution of g(x) = 0, that is

cl

C:
&+ oix — =g’ =0, (A39)
m

is

t C?go' )~C/
xj(r)z—/ ;nw sinw;(t — s)ds + x;; coswj(t—t)—w—sma)J(t—t) (A40)
T J J

For our boundary condition this solution reduces to

t C /
¥(1) = —/ S Gin e,z — s)ds, (A41)
T mwj
tC' /
¥(0) = _/ i9() cos (7 — s)ds. (A42)
. m
Therefore, the result of integration is
Fl0,0] =exp{ — / / (1) —8(1 —s§)—sinw;(t —s)|@ "(s)dtds
fi 2m mo;j
X exp | — f / —(p (r)cosa)](r — )¢ (s)dsdt

Since s and t enter into the second integral symmetrically it can be rewritten

//E(t,s)dsdr:2/ /TE(T,S)deT. (A43)
0o Jo 0o Jo
//E(t,s)dsdr:/ /TE(S,‘E)de‘L'. (A44)
0 Jr o Jo

Fl0,¢] = expi®[6,¢], (A45)

The first integral can be written

Then, the influence functional becomes
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where the influence phase ®[0,¢] can be written as

i®h,¢] = —%/0 /OT drdse(s)ay(t — s)¢'(t) — %[0 /: dsdt ¢ (D)ag(t — )¢'(s), (A46)
Cjz ha)j
ap(t —s)=)_ 5 coth T wj(t — ), (A47)
j J
C: T2 .
a(t—s)=y_ T [;8(1 —5) +sinw;(t — s)]. (A48)
j L@

J

Therefore, we obtain the density matrix propagator J(0,¢,t;0’,¢’,0),

J (O, 5,1, 01,¢;,0) (A49)
Or o i N
= Do Do*expd=SloT, 071 —T[o~ , A50
[, oo [ oo {fston ] (A0
- =¢-0
the classical action S[p™,¢ 7] is
t
Slp.¢'] = —/ drlg* ()¢~ (r)
0
t N
+2/ dt / dse™ (Dou(t — )T (s),
0 0
and the I'[¢~] is given by
1 t t
e~ = —/ dt/ dsg™ (T)ar(t — $)@~ (s).
21 Jo 0
The path integral in (A50) can be done exactly and we obtain
i _ _
J (O, r. 1 6;,1,0) = F2(t) exp <ES[</)C+1,%1] - 1"[%])- (A51)
(pj are the classical coordinates obtained from the Euler-Lagrange equation
t
1¢4(u) + Zf dtog(Da(t —u) =0, (A52)
u
I¢c+1(u) + 2/ dt(pjl(t)al(u — 1) =0, (A53)
0
whose solution is given in terms of boundary conditions ;" = ¢=(0),¢F" = ¢=(¢):
@) = i (us D@ + ke p(us Dy (A54)
Oqu) = kit —us )y +kp(t —us)g;, (A55)
. G(1) Gu)
ki(u;t) =Gu) — —=G), «r(uyt)= . A56
(us1) (u) GO (u), Kyp(usr) ) (A56)
Then, the classical action reduces to
Slogd.0al = 1195 MOe; — o509 . (A57)
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