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Computational Fluid Mechanics
Part1： Numerical Methods

Objective：

Numerical methods for fluids mechanics and their accuracy

1. Introduction
2. Numerical methods for fluid mechanics (1) ~ Basic equations
3. Numerical methods for fluid mechanics (2) ~Discretizing schemes
4. Numerical methods for fluid mechanics (3) ~Coupling algorism 
5. Numerical methods for fluid mechanics (4) ~Additional problems
6. Reliability of numerical simulation
Summary 
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Computational Fluid Mechanics

Part1： Numerical Methods  (2a)
1. Introduction

2. Numerical methods for fluid mechanics (1) ~ governing equations
– Governing equations of fluid flow
– Typical solutions of fluid flow
– Additional models for complex flow phenomena

3. Numerical methods for fluid mechanics (2) ~Discretizing schemes
4. Numerical methods for fluid mechanics (3) ~Coupling algorism
5. Numerical methods for fluid mechanics (4) ~Additional problems
6. Reliability of numerical simulation



Governing Eqs. of Fluid mechanics

I
Dt
D




qTpI
Dt
DTcv  2

RTp 

Continuity Eq.
(mass conservation)

Momentum eq.

Energy Eq.

Eq. of state

ii
ii

i fu
x
I

x
p

Dt
Du  








 2

3

j
j x
u

tDt
D








 ;




















j

i
ij

j

i

x
uI

x
u



3

;

kk xx 



2

2;

k

k

x
uI



  ;



Governing Eqs. of Fluid Flow

Non-dimensional Parameters

– Reynolds no. ～Flow instability
（length）×（velocity） ・Turbulence

（viscosity） ・Viscous flow
– Mach no. ～Ｈｉｇｈ speed flow
（velocity）／（Sound speed） ・Shock wave

・Acoustics
– Knussen no. ～ Continuum
（free pass） /（length） ・Rarefied gas

・Micro flowlength （log）

Velocity

spaceship

Micro
Machine

Airplane

Automobile（log
）

Turbulence
Sound wave

MD



Non-dimensional Parameters 
- in the governing eq.-
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Non-dimensional Parameters 
- in the governing eq.-
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（Pe:Peclet No.、Pr:Prandtl No.)
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Parameter of fluid flow

(g: specific heat ratio)



Lagrangean vs. Eularian formulations

Lagrangean

Eularian
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tDt
D

t

=0 (Mass conservation)

V(t) :
Volume per unit mass

on unit mass [*/kg]

on unit volume [*/m3]

u: convection
velocity

u
convection
flux

 dV

 dV

(x,t):
Mass per unit volume



Conservation low
Mass flux vector

 u




t        



















y
v

x
u

t
  

  

 dSdV
t

nu
       xvvyuuyx

t nsew 







   

              
 
 
 
 
 
 
 
 
 
 

Δx 

Δy 










t


 
    w

w

uvu 





0,1,
nu      

e

e

u
vu





 0,1,nu

     
n

n

v
vu





 1,0,nu

     
s

s

v
vu





 1,0,nu

w e 

n 

s 



Conservation low
Flux vector   vs.   Stress tensor 
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Conservation low
Momentum flux vector
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Exercise 2a
Calculate each component of momentum flux through the vertical surface 
(n & s  in fig.) of considering volume.
Derive the conservation law for y-direction component of momentum (v)



Computational Fluid Mechanics

Part1： Numerical Methods  (2b)
1. Introduction

2. Numerical methods for fluid mechanics (1) ~ governing equations
– Governing equations of fluid flow
– Typical solutions of fluid flow
– Additional models for complex flow phenomena

3. Numerical methods for fluid mechanics (2) ~Discretizing schemes
4. Numerical methods for fluid mechanics (3) ~Coupling algorism
5. Numerical methods for fluid mechanics (4) ~Additional problems
6. Reliability of numerical simulation



Typical solutions of fluid flow
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Solution of convection
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•Model of momentum convection
（Burger’s Eq.）
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fast (ｕ=large）

•Model of scalar convection
（linear eq.）

slow (ｕ=small）

・shape deformed
･high frequency produced

•keep linear solution
•adaptive to steep variation



Solution of diffusion and external force
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Diffusion of scalar （Linear）
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Source term （Linear）
⇒  St exp 0
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time dependent heat transfer problem

steady convective – diffusion problem

Pecret No.： Pe=uL/



Solution of Interaction step
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Compressible （sound wave）

（S＝const. ）
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Sound wave

Mach No. ：Ma = U / a
a： sound speed
U： flow velocity



Solution of Interaction step
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Incompressible flow

if Ma→0
a（sound speed）→∞



Solution of Interaction step

Compressible （1D nozzle）
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Solution of 1D compressible flow



Solution of Interaction step
Compressible （1D shock wave）

Mass   ： 2211 uu        ① 
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 ＞１  Rankine－Hugoniot eq. 
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Profiles of shock wave

M∞ medium M∞ large 



Exercise 2b
Solve the following equations of          and draw the profiles for 
different parameter values.  
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Computational Fluid Mechanics

Part1： Numerical Methods  (2a)
1. Introduction

2. Numerical methods for fluid mechanics (1) ~ governing equations
– Governing equations of fluid flow
– Typical solutions of fluid flow
– Additional models for complex flow phenomena

3. Numerical methods for fluid mechanics (2) ~Discretizing schemes
4. Numerical methods for fluid mechanics (3) ~Coupling algorism
5. Numerical methods for fluid mechanics (4) ~Additional problems
6. Reliability of numerical simulation



Complexity of system
Strong coupling
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convection interaction diffusion external-force

3) parabolic（incompressible）

M

2) harmonic（sound wave）
1) hyperbolic（compressible）

mass

momentum

energy

Ma<1

Ma>1 Combined solution
Is needed



Complexity of system
Weak coupling
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M

・Turbulence
model

・NonNewtonian
fluid

・Buoyancy force
・Multi-phase       

model
・Chemical reaction

mass

momentum

energy

interactionconvction diffusion production

Additional eqs.

Alternative solution
Is available



Mass:

Momentum:

Chemical spices

Energy:

Eq.of gas state:

Arrhenius’ law
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Chemical reaction

Model of Combustion Flow 
- Basic eqs. of ｒｅａｃｔｉｖｅ flow-



Detail reactions of H2･O2 flame
Spices N2 O2 H2 H2O OH

Lewis No. 1 1.11 0.3 1.12 0.73
Spices O H H2O2 HO2 -

Lewis No. 0.7 0.18 1.12 1.1 -

OHO
2
1H 222 

･･･ 21 reactions



Model of Combustion Flow
- non-dimensional parameters of mass & heat transfer-

• Nusselt no. h： heat transfer coefficient

l：Thermal conductivity

• Prandtl no. ν：kinetic viscosity

• Schmidt no. D：mass diffusion conductivity 

• Lewis no. α： temp. diffusion conductivity
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Model of Combustion Flow
- non-dimensional parameters of reactive flow-

• (primal) Damköhler no. tr： time scale of flow

tc： time scale of reaction

• Karlovits no. Tickness of
heating zone:

Combustion speed：S

• turbulent Damköhler no.

ｌ ：turbulent length scale
u’：velocity fractuation、δ: flame thickness
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Model of Combustion
- mechanics of reactive flow-

time

Enthalpy： H＝E＋PV ⇒ dH＝(TdS－PdV)＋d(PV)＝ TdS＋VdP

Free energy： G＝H－TS ⇒ dG＝(TdS＋VdP)－d(TS) ＝ －SdT＋VdP

Enthalpy components： p
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Mass transport
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Mass transport



Energy transport
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T q

Mass fux （Fick’s law）

Heat flux （Fourier’s law）
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Solution of combustion flow 
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convection interaction diffusion external-force

M mass

momentum

energy

Additional eqs.
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Heat source
Weak relation by low Ma approx.



Exercise 2c
Consider a system of equations for complex flow phenomena 
and analyze its coupling process to fluid dynamics;

Ex.  Multi-phase flow
Buoyancy flow
Magneto-hydrodynamics
Flow in porous media
Plasma flow   etc.


