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CHAPTER 11
PLASTIC AND LIMIT ECQUILIBRIUM

Three categories of

problems typically
@tic rah analyzed using a
S~— ___— description of

failure conditions;
namely

Stress

1. Earth pressures

2. Bearing capacity
o Strain 3. Slope stability

ldealized elastic-plastic behawvior giving
rise to two categories of deformation
analyses
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Centars of
rotation

SLOPE STABILITY S

Location of the Critical Slip Surface / / /

+
Location of the most critical / /

I

Assuming a
circular slip
surface

Limit Equilibrium

Method of Slices

A  steep natural slope with deep
groundwater table
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General Limit Equilibrium (GLE) Method

Center of rotation

Tension crack

Slip L}
surface

How can the NORMAL stress at
the base of each slice be
obtained?

Method #1: Method of slices

Methos #2: Switch on gravity

Free Body
Diagram

Only S,, changes
from a saturated
soil analysis

Forces acting on a slice through a

sliding mass with a circular
surface

slip
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Center of moments
Tension crack

f
zone filled } \’},
with water ap |

! 1 x

[ |
R NS
Slip A
surface
1\. XL!
\""*-.k EL_..I 1
Water H“\. M’i h
table ™

e
Free Body Diagram

S, is the SHEAR
FORCE MOBILIZED
at the base of a slice

Only S,, changes
from a saturated soll
analysis

Bedrock

Forces acting on a slice through a

sliding mass with a composite slip
surface
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Shear force mobilized equation

S = g {c’ + o, —u) tang” + (u, —u, ) tang®}

wwihere:

Approach #1

- = total stress normal to the base of a slice

: F factor of safety which is defined. as a
factor by which the shear strength
: parameters must be reduced in order to
: brimng the soil mass into a state of
limiting equilibrium along the assumed
. slip surface
Sm = £ {& + (o, —u,) tane '} Approach #2
vwhere:
c = total cohesion of the soil which has two
components li.e., ¢’ + (u_, - u,) tan @)
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= |
Normal Force Equation N
W — (X, - X)) -S,_ sina-Ncosa=0 =
W
- I :
. . . . o' Xr
Summation of Forces in the Vertical Direction "N/ s

N tang” 8 _ U, tang’fS .
F F:

w—:xa-xL}-{C;f+

(u, —u, ) tang® g

= } sinag — N cosa =0

or,

Sinatanqt-’:l S W - (X — X)) - c'g sina _

™
(cosa + = =

Bsina £ sina

u tang®

(tang” — tan@®) + u,,
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Rearranging and solving for the Normal Stress at
the base of a slice

W - (X, - X)) - SESina B 5;”" [tang’ - tang®) +u, ﬁs—;”” tang’

N=. F ) _

Notes: | Similar for saturated and

, unsaturated soils except tan ¢
m, = cosa + (sina ta”‘p@ becomes tan ¢ for an
unsaturated soil

W-(X. =X uc'ﬁsinaw ﬁsmatan b _
( H. .L) m F ¢ Fin N makes F,

and F; nonlinear




Summation of Moments About a Common Point

Center of moments

Tension crack
zone filled 1
with water a

- S N I S —

Water
table

Bedrock
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Factor ot satety with respect t 'moment equilibrium

a,+y Wx-Y Nf-%Y S R=0

Aca +Y Wx-Y Nf =FLE [c’BR + {Ntang’ -u,tang’ g +u, -u,) tang® f} R]

where:

F.. = factor of safety with respect to moment equilibrium

m

¥ [e’BR+{N -u ﬁtanw u, B(1 - :::z'j}}ﬁtanq:r']

F_=

L+Z Wx-Y Nf
. +IN - tang"® ’ :
- i Fin N makes F_
" Aca +Y Wx-Y Nf nonlinear

Summation of
_ 2 [e’B+{N-u,B-u,B}tang’IR Moments about a

Aca +), Wx Common AXxis
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Factor of safety with respect to force equilibrium

1F Y [c’Bcosa +{Ntang’ - u,tang’ B + (u, - u,) tang® 8}]
f

Summation of Forces in the -A + Y Nsina
Horizontal Direction
where:
F, = factor of safety with respect to force equilibrium
' _ tang® _ 1 - tang®yy o
- Y [c’Bcosa+{N-u,pB tang’ u, B tanqb‘}} ang’cosal
f

A_+Y Nsina

b
> lc’Bcosa +{N-u,pB §2:¢,}ta"¢’CDSG_!_ Fin N makes F,

A, +z N sing " nonlinear
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Designation of an Inter-slice Force Function
M =A fix) E

where:
Flxh

= functional relationship v hich
describes the mannmner Iin which the
magnitude of X f E wvaries across the
slip surface

a scaling constant which represents
the percentage of the function, f(x),
used for solving the factor of safety
equations

Form of an Extended

fix) = Ke ~— w2 _
Error Function

where:

e = base of the natural logarithm

K = magnitude of the interslice force function
at midslope (i.e., maximum walue)

C = wariable to define the inflection points

Nn = wariable tTo specify the flatness or
sharpness of curvature

w = dimensionless x-position relative to the

midpoint of the slope
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fiix) = Constant

1
=3
Q
L = =
fix) = Clipped-sina
‘l -
>
Q0
L e R

Forms for the original Inter-
slice Force function
suggested by Morgenstern-
Price (1965)

“arious
functions

possible

fix) = Half-sine

L ™ R
fiix) = Trapezoid

b
L o

(0,0)

| . ® R
fix) = Specified

interslice force
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1.50

1:2 Siope Finite Element simulation
100 ] resultlng from switching on
= gravity (Fan et al, 1986)
0. 50 —

000 T ]
| I 50 L

Dimeaensionless x-coordimnate

14.79 25 00 Center of HOR = 30,00
200 20000 rmotation YWICR = 23.0:0
Radiuos = 15. .50

Dimensions in meaters

SO0 0Oa »—-coordinate 3
1000 y-coordinate 1

The interslice force function for a
deep-seated slip surface through a one
horizontal to two wvertical slope
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Designation of an Inter-slice Force Function

flx) = Ke ~ C w2 Form of an Extended
Error Function
where:
e = base of the nmnatural logarithm
K = magnitude of the interslice force function
at midslope (i.e., maximum walue)
C = wariable to define the inflection points
m = wariable to specify the flatness or
sharpness of curvature
w = dimensionless x-position relative to the
midpoint of the slope
K =Exp {D; + D, (Dy - 1.0)} Depth Factor
where:
D, = depth factor
D = the natural logarithm of the intercept on
the ordinate when D; = 1.0
D, = slope of the depth factor wersus K

relationship for a specific slope
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<.

o /

l i
n 2 ooz 1 i e P S a0 i
Slop= angls

[=]) C owalues wversus the slope amngle

il 7 All variables for
s the Inter-slice
a Force function
T o= can be estimated
[ from the slope
i T -1 angle
1 L - ;
0.2 0494 O5006 OS 1.0 = O = O

Targent of slopes amg e

by N wvalues wverswus the tangent of the
slope angle

Walues of Bl ey Zrncd m coefficiemt=

weaersus the slope angle
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Procedures for solwving the factors of safety

eqguation

Force Equilibrium

1.20 | Factor of Safety
fix) = Constant 3 w
! 7
1.1 | _.--'-'lll
-
Bishop’s Simplified = A Morgenstern-Price
1.10 =i |
= < -
= = —— =
= 1.05 - | |
“ . oo Moment
fix) =Half-sine | Equilibrium Factor
of Safety
L = E o :
Janbu’s Simplified
0.904 0.2 0.4 0.6 o8 1.0
M
“Wariation of morment and force

equilibrium factors of safety wwith
respect to lambda, A
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600

£
-
o

300

Elevation (m)

200

A grid of pressures has become the most
satisfactory way to input pore-water pressures with
the utilization of new computer technologies

Upstream : Downstream
+
- +
* +
¥ + + * + + +
+Sandy clay till. Clayey silt +
Bedrock Rock toe
| | I 1 1 1 | L
1400 16500 1600 1700 1800 1900 2000 2100
Distance (m)

Utilize the interpolation functions from the Finite element
method to obtain the pore-water pressure

Grid of pore pressure heads
superimposed over the geometry
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Matric suction can be converted into additional
cohesion in the soll

250 I
¢t = 45° /
/
7
e
-—'—'-'-;-—

\

\

100 d
g

/ ==

10°

200 W
160 /
/ 30°
f’"
'_,,..-""

Cohesion due to matric suction,
[{uy - uy) tan @] (kPa)

50

-—-'-"'-'-————
100 200 300 400
Matric suction, (u, - u.) (kPa)

The component of cohesion due to
matric suction for various ¢° angles
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T =157 kM. m3 ““1
d;lh = 0= ‘L__..-—" |
c” =0 kKFPa _,.-"'-
1.8 - |
- - |
= el |
= 1.6 |
= ~ .
—_— =
(-
= 1.a4 I
=
= |
| 60% Increase
1.2 I .
: In F,
1.0 I
|
: |
L 1 ] 1 ]
Bu 5 10 15 20 25
Cobhesion imnpercept [I-:lF'El:l
l i | 1 L . | I 1 I
0 10 2 30 A0 S0 &0 rie)

MMatric swuctiorm, (U, - w.l {kPa)

Factor of safety wersus matric suction
for a simple slope
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Soil |
‘=5 kPa
¢’ = 36° Note:
4 =165 kN/m? Center (180.7m; 168m)

140

130

. <& a_a
<" Hydrostatic condition

+*__ in the direction

perpendicular to

the water table

120

Slip surface

Soil Il
c'=10kPa

y - coordinate (m)

110

¢’ = 40°
¥ = 16.6 kN/m?

Analysis of a typical
slope from Hong Kong

100t
100 120 140 160
¥ - coordinate (m)

(a) Example of a typical steep slope in
Hong Kong (from Sweeney and
Robertson, 1979)

Factor of safety of a steep slope versus

cohesion increase due to matric suction
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1.6
| |

15 Morgenstern & Price :
' and Simplified Bishop's :
|

-
—— -
= methods \\ :
= 1.4
e =
S 13| 14%increase _
ﬂ ' " . -
o - ™~ Janbu's Simplified
Wi

1.2

1.1

] 5 10 16 20 25 30

¢" (degrees)

All methods of slices show a similar increase in the F

(b) Increase in factor of safety due to
an increase in @° angle

Factor of safety of a steep slope versus

cohesion increase due to matric suction

(continued)
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Example #1 from Hong Kong showing the
analysis for F,in unsaturated residual soils

e LI\

Existing building I
C B A
il - _:; BH4

—
= =Ty = =

LI L " 40" -

78 ¢ ~BH2 EL ﬁﬂ ! fﬂfﬁﬂ%%

R SR S TR

)/ P 1| ‘]'EI IT10y

J _L aﬁ'ﬂh‘xx”'; ,807~.Down -
/ T S

— 7 8 ffﬂ..t:l_m fgnkmslope

"‘\.‘ j"' ry T6
: A 29% -1
e —— 1‘1,. \L\L \_"kc': _E mﬁx
0 20 40m === ,__../// ﬁ ~—

Legend: Note: Ground surface contours
T Soil cut slope in meters above

+—a Retaining wall principal datum (m)
& Borehole

Site plan for example no. 1 Fung Fai Terrace
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(a)

Elevation (m)

Section A-A

S0
80
JO
60
50
40
30

20
10

/

|

Bedrock .

/)
7
/)3

L

Legend

1 Colluvium

2 Completely weathered
granite

3 Completely to highly

weathered granite

Bb

[ Existing
-~ ®_ _ 1 building
i Apprﬂ;imate__
postion of || -

groundwater table
B u

I [ 1 | [ I | 1 5

20 30 40 50 60 70 80 90 100 A0
Distance (m)

Fung Fai Terrace
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Strength Properties for Soils of Example Problem 1

'

Unit Weight ¢’ ¢’
Soil Type (kN/m’) (kPa)  (degree)
Colluvium 19.6 10.0 35.0
Completely weathered granite 19.6 15.1 35.2
Completely to highly weathered granite 19.6 23.5 41.5

Extensive shear strength testing shows high
angles of internal friction
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80 | 3 T |
i Sl Mlovwemiber 29, 1930
| ® October 27. 1981
7o | 2 _
| |
SO I
I
— S0
E /
=
R=
[o e ]
T

Suction measurements made

=0 through the “chunam” on two dates

| I
20 | ¥ — - ——— ———

1 [::IE]- 20 R ST 80 100
Soil suctiomn {(kKFa)

Fung Fal Terrace

INnsitu Measurements of MmMatric suction
near section A-2 for example no. 1
(from Sweeney, 1982)
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Results of Slope Stability Analyses on Example
Problem 1 Without the Effect of Matric Suction

Center or Rotation®

(meters) Factor

of
Section x-coordinate y-coordinate Radius Safety
A-A 232.5 190.0 216.0 0.864
B-B 143.8 120.0 89.5 0.910
C-C 171.6 118.1 120.8 0.881

“*Cntical center of rotation.

Fung Fai Terrace
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Results of Slope Stability Analyses on
Example Problem 1 with the Effect of Matric Suction
as MWeasured i Sirw

A. Suction Profile { November 29, 1980) Fung Fai Terrace

Center of Rotation

{meters) Factor
of
Section x-coordinate wy-coordinate Radius Safety
A—A 176.3 141.9 143 .0 1.072 | 24%
B-B . 1331 117.5 51.4 1.143
- 138.8 o6.3 83.1 1.132

B. Suction Profile|{(October 27, 1981)

Center of Rotation

(meters) Factor
of
Section x-coordinate y-coordinate Radius Safety
A—A 201.3 167.5 178.6 0.984| 12%
B-B 16s.0 125.0 122.2 1.046
- 156.9 108.8 104 .1 1.014
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Example #2 from Hong Kong showing the
analysis for F,in unsaturated residual soils

0
M -
A
D109 4D
— Trial ""-
EHII#*.:' cEltSSDI'IH
BH13 4/

_a—._.|_._ —_—

' _ a0 Tt Soil cut slope
Ground surface contours 7 4 & Retaining wall
in _mgtﬂls above — P& Bore hole
principal datum (m) Weg Rock cut slope

Thorpe Manor

Site plan for example no. 2
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Elevation (m)

200
190

180

170 -

160
150

140
130

Legend:
—-=Soil boundary
1T Completely
weathered volcanic

weathered volcanic
3 Highly weathered
volcanic

2 Completely to highly |

e

Existing”
building

Bedrock

il Apprnmmgﬁ:? position of
groundwater table |

30

40 ED ED 70 80 90 100 110 120
Distance (m)

Section A-A for example no. 2
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Strength Properties for Soils of Example Problem 2

Unit
Weight ¢ ¢ ¢
Soil Type (KN/m’)  (kPa)  (degree)  (degree)
Completely weathered rhyolite 18.4 10.1 42.6 12.0

Completely to highly weathered rhyolite 21.4 12.0 43.9 12.0

Note: high angles of internal
friction for the decomposed
rhyolite
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| - .
“‘fin-L.:,__.l Fluctuations of
: suction near
ground surface

5 |Legaend:

A XX PAar 1580
a-—--4 13 Apr 1980 y o

——= 7 June 1980 [ ooooe
10 o—a 3 Sept 1280 — R
o—a 15 Mow 1330
—_ 15
E
4
=
=
= 20
| caisson
25 :
"E" —
Fl t t . th Ramnge of 1
uctuations In e groundwater table
durimng suctiom
groundwater table measuraments.
35 — b . I|
= p | |
o 20 4.0 ST a0 100

PaEmric suction, (uy - w.} (kPaj

Insitu Mmeasurements of Mmatric suction
throughout 1280 for example no. 2
(from Sweeney, 19832)
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The "extended shear strength™ method

General layout of problems and soil properties

Colluvium
Completely
! vweathered

Decomposed granite

Q0 - granite
- _ 4 Completely to
X highly weathered
70 | K“i‘-—h granite
E . High
E wwater
= 50} table
= 1976 _—
E - Existing
i . building
30 L Highly
weathered L'DW\‘-\ :
- granite water table Example to illustrate
10 : : : , 1976 ! - the inter-action
O 20 40 50 80

between a seepage
analysis and a slope
stability analysis

Distance (mj)

Cross-section of a steep slope of
residual soil

Unsaturated Soil Technology




Summary of Saturated Coefficients of
Permeability for the Soils in the Example

Selected

Permeability,
Soil Type k, (m/s)
Colluvium 3 x 107
Completely decomposed granite 7 x 107
Completely to highly decomposed granite 6 X 107
Highly decomposed granite 5 %107

Measured saturated
coefficients of permeabilities
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Soil-Water Characteristic Curves can be
0.6 - combined with the Saturated
Coefficients of Permeability to give the

<
= 05 s :
= permeability functions
s 0.4
2
= 0.3
= .
o _‘_ﬁ___Cﬂlluvlurp
= 0.2 j= = —dw= e S
5 Completely
5 0.1 decomposed]
- granite
D L 1 | L 1 L L
0 50 100 150 200 250 300

Matric suction, (u, - u,) (kPa)

Soil-water characteristic curves for the
completely decomposed granite and the
colluvium
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104 e —— —r—rTTTyg
10° ;,
Colluwivserm 3
— 105 _
::5‘- 10-7 E i
Permeability 2 10 | -
0 E ~ =
functions for S ; granite
Decomposed = E
Granite and S 1070
Colluvium = =
1|::|—11 =
102 ;
E Permeability function
- for H-::lnrg HZ-:I-rIg soils
1_|:|—13 1 L |;;|.-|_ M PR A
10 ‘I.I:ZI' 102 104

Matric suction, (u,; - u.h (kPa)

nsaturated coefficient of permeability
functions for decomposed granite and
ool I aunrme

k., = s

e fu, —u "
1T + a
{ oo e }
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' Summary of Shear Strength Parameters and Total Unit We:ghts for the
Soils in the Example

Soil Type Cohesion Effective Angle Total Unit

¢’ (kPa) of nghl, Y,
Internal Friction (kN,’m )
¢ (degrees)

Colluvium 10 35 19.6

Completely Decomposed 10 38 19.6

Granite

Completely to Highly 29 53 19.6

Decomposed Granite

Highly Decomposed 24 41.5 19.6

Granite

Soil parameters used in the parametric study
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Initial conditions for the seepage analysis

a0~ Average recharge flux on surface
—] AF = 2080 mmSyear
- P — .
N Only 10% flux is specified
[ on protected surface
= N
| < N Groundwater table
] | -
' | ‘E D
_ aok /{r \'". |~
E ! | A
S / /Y
= .
& _
2 ol v\
-30 | _ 1
-60 L 'F_-'l-- o
L 1 1 1 1 1
O 20 410 &0 80 100

Distamce  {(m)
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— Callwwivrm
— Completely decomposaed granite
— Complets=hy o highly decomposasd

. ramnmite
20 . =4
! Initial steady state conditions
&0 -
— 30
E _
= |
= N
= i
— |
i |
L o o
|
Highly de-cnmp-u-ﬁiad
gramnite .
-30 b -
- — — - Groundwater table
—5— Fore-water pressure head
contour (meraers of water)
60" g C
I——:{
| 1 1 1 1 B
0 20 <) 50 B0 10

Distamce (m)

2080 mm/ year = 6.6 x 10 -8 m/s

Imitial groundwater condition and pore-
vwater pressure head contours
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so |4_ 230 —1—> .

sl <+«— 40 IkPa

ra sl o Steady state

- comditions
55 under the
i applied flux

S0
E 55 . N
- ] Initial steady state conditions
= S Hwd tati .
= Dore et | along Section X - X
== 45 |- pressure

profile

<Ly

35

=230 -

25

2':::' [} 1 [} [ |

-F0 -20 -1 i 10 20
Fore-water pressure hheaead [(em)
L i L o ||
=20 2000 100 iCh

M atric swctiom, (uy - wp {TkFa)

PMatric swuction profiles for section XX-X
under steady state flux conditions
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- Initial steady state conditions

i Tirme
1.4 . = (] i
| = 480 (aaaly Rain stops
- 1080 rmiim
1.3
After 1 day
£=- 1 .2 [ = ™
—_ lmitial steady
% . state conditions
= 1.1}
— After 8 hours
£ I I
= 1.0
L.

mal steady )
state conditions

0D

0.3

O 0.2 .4 0.6 0.8 1.0
Lo al -

Factors of safety with respect to @ /f ¢@"
for wvarious seepage conditions
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Seepage and slope stability results under high
intensity rainfall conditions
Flux =1.3x 10 > m/s

Colluvium
—— Completely decomposed granite

— Completely to highly decomposed
granite

: After 120 minutes
60 [-
E
s
= D
= 30F
=
L
oF | ------ Grnundwfater table
| | —10— Pore-watér pressure head
:£ T contour (meters of water) ~J
-60 B I: » C
0 20 40 60 80 100

Distance {(m)
Elapsed time = 120 min.
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—— Colluvium
— Completely decomposed granite
— Completely to highly decomposed

A granite
30 r ; e After 480 minutes
: When the rain stops
60 - Flux = 0.0
E
=
=
g 30}
m -
L
0 -
—10— Pore-waterpressure head
- :r contour (meters of water) pt
6oL - et c
;—-. K
Q 20 40 a0 80 100

Distance (m)
Elapsed time = 480 min.
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Colluvium

—— Completely decomposed granite
— Completely to highly decomposed
| granite

90

x
i After 1080 minutes

Elevation (m)
W
o
|
o

5:3\\
OF Joe--- Grgundwatier table
—10— Pore-water:pressure head
v 7 contour (meters of water) \]‘
i—..x
| - 1 1 I 1 |
O 20 40 60 80 100

Distance (m)
Elapsed time = 1080 min.
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75
Heavy rainfall creates
o a wetting front
B5 te, I i
f Tirme
= (] rminr
= ST a~ 90 rmim
: < 2400 mmin
2 55 - 4890 min |[Rain stops |
-t";:- - F20 mam
= L 108 rruEr
e 50 1
a5 | [
L0 i
]
35 It
30 -
- -5 Lo 5 1O 15
Pore-water pressure head {(rm}
| n i |
140 S50 L)

Matric swucticm, [(uy - wu...l (kKPa)
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