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STEADY STATE FLOW
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Permeability systems
apply to saturated and
unsaturated soil systems

Simplest case:

Homogeneous, Isotropic
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Steady state

- Steady state
euaf-:;ratmn infiltration
) -
I } I 1 CD"'E" qm l Ground
™ x‘x‘x“ﬁl l surface

Steady state
flow downward

Steady state {' Qoo
flow upward (-)
1‘- Qwy Gravitational

(+) Static equilibrium head

with water table

(Quwy = 0) R
Datum g X v Water table
1. Equilibrium or hydrostatic z
2. Evaporation Gravitational head + Pressure
2 (rlireiier head \: Hydraulic head

(<) 0 (+)
Pore-water pressure head distribution

Static equilibrium and steady state flow conditions
in the zone of negative pore-water pressures
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Assume a velocity field i
Basic to the Continuum
Mechanics approach dy
¥ “ | ¥
X va-,f Soil
fe——dx — element of
Zz i thickness, dz

Start with Conservation of Mass for
the water phase; end up with a
CONTINUITY differential equation

One-dimensional water flow through an unsaturated
soil element
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STEADY STATE WWATER FLOW

Formulation for onmne-dimensiooreal Flhoww

I::h".—""""’-::I';.-':l dx dz — w___ dx dz = O
ol .

§ -+

Lol

Net water flow through an element

W e e

oy — wwater floww rate across a wnit area of
the sail im thhe w-directicm

=, dw, d= = dimmensions imn the -

w— armd =-
directions, respactimvvely

&‘-dxdvdz=ﬂ
iy

Add the Darcy constitutive law

d{ -k, (u, —w bdh,, s dy}
Ay

Az iy dlzz = O

k. (u, - u_ bl = wwater coefficient of permeability as

a fumnctiomn of matric swecthorn
webhiich waries wwith location im the
w—dlirectiom

dih,, & dwy = hydraulic head gradient im the oy
—directicom

b, = hydraulic head {i.e., grawitational
head plus pore-water pressuare
veadh

New component to water flow
e o Zh_ dik, . dh,

=5
-—

Ay T Ay L o
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Chain Rule of Differentiation when Deriving the
Partial Differential Equation for
Saturated/Unsaturated Seepage

Net Flow

dv,,/dy =0

Divergence of velocity

Substitute in Darcy’s law

d (k, dh/dy)

=0
dy
Apply the Chain Rule of Differentiation
2 Saturated-
kW H T de dh =0 Unsaturated
dy2 dyx dy Flow
\

Change in permeability
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Taylor’s Series can be used to compute
points along a curved function

d2h,, / dy2 = 0.0

Finite difference method

., = b + Aoy dh L Dy ® d “ih L Ay # d 2h .
B 1 ]
L AW . 21

o AT =3t il 3
dh Ly 2 o oy 3 d
. = fu. — & + - o .
_, i V{:dv ]; 21 Aoy 2 ] 3! = '

three consecutive points
spaced at increments, S

dh —_ h.+1 _hi—1

Ay 2 Ny

d _ b, +~ by, — 20,
dy = My 2
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Steady state
evaporation | constant Head at Top

[ [ T Discretization Boundary conditions
A
-y I T N ® == Nywn = hgn * hpn
’ @
E =
1 hpﬂ )
'
L4 tl + 1} C] >
A =
Unsaturated - Y] =
soil L hﬂ‘“ e ﬂ.Tf %
/I i-1e += |E
O] —
5 i o]
E! |J ® Jla
®
d °
_w Water table Y _| Datum 1@ —= hy =0 LOQ
wl =
dh, _ dk., dh, __ o Suction
Y gy 2 iy e odal points
One-dimensional, steady state water flow through an
Unsaturated Soil with a constant head boundary
condition
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Finite difference method

Head boundary conditiomn

fimite difference form for point (ik.

[ P * P — 2h,6 e I":-.-.--.-~:i+1:- — K peti - 13
(AR B { 2y }

dzhw dl"-'.w_'. dh._.,,. . h-.-li-1:-__h--.-|i--1l —
Ko, ——— + = ) = O
Y dy?2 dy dy =By
where:
Koviite Kmyictye Bwys s 1y = wwater coefficients of

permeability in the y-direction at
points (i), {i-1) and {i+ 1), respectively

Peprr Poegi-1pr Mo+ 13 hwdraulic heads at points
(id, (i-1) and {i+ 1), respectively

- {E H-.-u-.r:il} hlr.'li:' - {4 I‘:.w_l._:_l Ea I-'—‘-\-P.-l.-l_l+1:l

- I-':li-'qlli —1 :l} I-!--v--'li---'ll
&l {4 k-.-.--.-:il c k‘

wgGi—1y I":-.-—,.-li—1|} |'-"-.-.--:—'n =

— at v egual to OO0 (base)
winy — hg, + h,, at vy equal to h,, (top)
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Dries the surface and reduces permeability

Npn -
If' h'l'l'll. - huﬁ
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/
, /
ore-water pressure o, 7 -
head, hp * ; /
\ / i
A . /
\ H—Gravitational :
/ head, hg -
tum v g Water table
(] 0 (+)

Head, h

Steady state evaporation through an unsaturated soil

column
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Wiy

Pen

10.9 hwn

0.8 hum
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0.6 hum

Nonlinearity in pressure head due to
nonlinearity in the coefficient of permeability
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Procedure for Solving the Partial Differential

Seepage Equation

No oA WN R

Calculate the heads at all nodes

Compute the pore-water pressures from the heads
Determine new coefficients of permeability based on new u,,
Solve the partial differential equation for new heads

Repeat the process until there is NO CHANGE in heads or k
Then solution has converged!!!

. Assume the solil has a coefficient of permeability equal to k,, T

Mwn
0.9 hwn
0.8 hwn

0.7 hwn
0.6 hwn

0.5 huwn

0.4 hum

D'E hwn

0.2 hym

0.1 hwn




Steady state Boundary
infiltration Discretization conditions
Lo b b Water flux
'S T (Gwy)

Constant Flux at Top | " "® | o

AY|
Unsaturated (i) 4 Qowy
50il Ay

=
Iqw:'
&

- W
JiWater table T Datum

I'S' —I-hw'|={}

MNodal points

One-dimensional steady state water flow through an
unsaturated soil with a flux boundary condition 7-9
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Finite difference method

o Use Darcy’s law to
Filux boundary conditiomn
- relate flux and heads
q -_— h-r-l::i+11-_ wi—1) A
TN — L ] E.ﬂhjf
Lu T water flux through the soil colunmm

during the steady state floww.

The flux is assumed positive in

arn upward direction amnd

negative in a dowwnward

directicon

A = cross-sectional area of the soil
colurmm
= N
M giens = Py — T.:. L% [N
- {Ek'ﬂ'r:ll} h-u'-l]-:l - {4‘:-..-..-“: Ea E=:—--l-—;rli--'ll - I{"w- a — 1 l} {h-.-.l-' — 1N _i‘ﬂ_L ':l
o - ) ) ":"' I‘E-'-"n'lil
{4I-=:"|'J'|l-::l i I‘:'-.-.l-.-l-—'l: - k’w‘.'l:l"-l:} Iﬂ'---u-li—"l = l::l
Py = By — A i+ Kgtivnr — Keps-m 21"_"L'l|,-"q
L ol e — A L5
EII{IE"I._[“ A "
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Steady state infiltration through an unsaturated soil

Nonlinearity in pressure head due to
nonlinearity in the coefficient of permeability
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1
e s &Y v+ %% dx
y x|y
T Vwy Soil element
X » ol 3# thickness,
Fl dx z

Two-dimensional water flow through an unsaturated
soil element
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Two-Dimensional Flow -1
Formulation for two-dimensional flow

g
IV e = a:--\-:-: d=x — LR dy dz + I:"q.l'm + 'Z_:.""‘"" dyw — ""-w-.-] dx oz = O

wehere:
Ve = wwater flow rate across a unit area
aof the soil in the x-direction

Theraefore,
Divergence OV o, 3"-»-1 dax dy dz = o | Where: v, =k, dh, / dx
. o Iy
of velocity <« dh /d
wa - wy w y
wrhere:
k... du, - u bl = water coefficients of permeability
as a function of matric suction.
The perrmmeability can vary withs
location im the =x-direction
dh,, / dx = hwydraulic head gradient in the x
—direction
k. &°h, -k a&h +.Eill-c:,_,_,x ah . dk . dh, -0
M TP Y Ay ® Ax Ax Sy B
wwhere
dk . f dx = change in water coefficient of

permeaability in the x-direction
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Two-Dimensional Steady State Equations for
Unsaturated Soils

Heterogeneous, anisotropic

3%h a%h

'-N_|_ L

w:i:a:{—z w?.ﬂ!..-'—z

+

dk,.,. dh, dk, . Jdh
ax  9x dy Ay

Heterogeneous, isotropic

a?h,, 9%h,,
k.. + +
ax Ay £
ak, ah,, . ak, dh,,

= 0
ax ox dy Iy

An unsaturated soil is a heterogeneous soil since
permeability varies with space
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Two-Dimensional Steady State Eqguations for

Saturated Soils
Anisotropic Isotropic
Heterogeneous
I <k, > 2
'E':{d -E" 2 axz 51'..2
dk_,. dh, . dk_.,, dh_, — dk_, ah, N Ak, dh — O
ol A Gy Ay b5 b b Ay Ay

Also applies for an unsaturated soil

Homogeneous

Zh
e, 2w g w = O

LaPlace partial differential equation that
can be solved using the flownet technique
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Boundary Conditions

Boundary conditions:
AB: hw = Hj

BC and DE: qw =0
EF: hw=H2

AH and FG: quw=0
HG: gw=0

2
=—Sheet pile wall
H;zj‘
57
-F
}
|
|
Satprated
?nil

Impervious| G

LaPlace partial differential equation solution
using the flownet technique

(a) Steady state seepage throughouta
homogeneous, isotropic saturated soil
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Creation of the Unconfined Category of Seepage Problems

Assumed impervious

,,-"’f

Free surface and _
uppermost flowline

Saturated soil \

ot

| - ‘ . ?', ~ - _
P Equipotential lines Horizontal drain

Boundary conditions:
AB: hw = Hi
BC: free surface, it's location is unkown
CD: hw =
DA: qw=0
(b) Steady state seepage throughout a
homogeneous, isotropic earth dam

Problem: An attempt is being made to
Impose two boundary conditions at the
phreatic surface; no flow and zero pressure
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a) Homogeneous

. b) Cutoff

1| [

ke = 001> ks

_ c) Intermal, basal
drainage
blanket

Examples of saturated-unsaturated seepage modeling
(Freeze, 1971)
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I“'EI = pa -
Ax 2 R TV
k.. 2h, Bk, 2h, _ .
ax O ay ay Node number1
Element number 1 . 6
17 30
- "9 15
49 ¢ - 70
> 25
a7 4@ - 2 - 126
161 - :}1 198
241 81 a9 288
y 121 < 143
Datum T : <= 185
X189 /
289 338

Discretized cross-section of a dam for a finite
element analysis

Examples of saturated-unsaturated seepage modeling
(Papagianakis and Fredlund, 1984)
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Solutioms for Two-dimensiomnal oo
Segpage analysis using the fimnite element rmethod

—

T

) = ] =)
— d4L e o — {L
A< LY a5 L}
_[ da {h} -
A | 2 L 2 _ gL}
-E"'p" Cr k'ﬂ-.- E:l':.-'
{L} Element area coordinates [y v .das =0
wrbere =
{L}) = matrix of the =slemant area
coordinates {i.e., {L, L, Lo}
Galerkin L,. L., Ly = area coaordimnates of poimnts im
thhe elemant that are related
T T o the cartesianmn coordimates
prInCIpIe Of of modal points
We|ghted L, = T/ 2A8{(xzya - Xaxwal + lwa -
. wabx # {xz - xzlw)
Residuals Lz = 1 f 2A{0xay, - . ¥ad + dva -
walkx &+ [, - Xz )wh
L = 1 7 2"5"{[}':1'21"2 - Xoyabd + Ay, -
.:I'.E:l‘:-:' Ea rHE - :":1:“#"}
., w.li= 1,2 3} = cCcartesianmn coordinates of
thve three Nmnodal
points of am elemeant
HM.ow = cartesian coordinates of a
; . ; poirnt wwithim the elemeaent
[C] Constitutive matrix A — area of the element
F.:‘-I‘-l:\l: l:::l- -
= mmatrix of the water coefficients of
o L pErimeability (i.e., [k 1)
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?‘_.

fh. ..} = matrix of P
hydraulic heads at the mnodal points h..2
hwﬂ
v o= external water flow rate in a directiomn
perpendicular to thhe boundary of the elaemeenit
S = peaerimeter of thhe elemeant
J‘ 217 ik, 1 [Blda {h,_} -_r' LT W, dS =0
A S
wehere: Simplified Finite Element form for the PDE
[ BE] = matrix of the derivatives of
the area coordinates which camn bhe
wrrittern as.
1 (wo — Wk s — Wql (v — W=l
[B] - 2 [y — o) Im, — x5l (>, — >,)
e Solve for velocities after
=k I[8] {~h__}
o heads are calculated
W ere
Vs W, = wwater floww rates within an element

i thee »- amnd yw-directions,
respectiweliy
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Selected permeability
functions

Functiorn A

Shell of Dam

Functiomn B
1012 -

Core of Dam

Water coefficient of permeability, ku (m/s)
E'a

1 E:I_ 13 1 1 2 1 1] [ ]
O 100 2000
Matric suction, {(Uua - uw) (KPa)

X
O —10

a A 1 =

S C—

i | ] 1 - |

1 e
- 20
Pore-wvwater pressure hhead, hg {(m)
(e = O)

Specified perrmmeability functions for analyzing steady
state seepagese throwugh a dam
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—= = Nodal flow rate vector,

----- = Equipotential line {m) vw.(M/S) with the scale
= =4.7x10°7mM/s

T Scale for geometry: — =1.56
Phreatic line a9

from finite element mode. & m
7m Free surface from

flow net construction

v Reservoir level

e 3
.

i - - m
- H 4 m
) — ) -f mi
'”]fl'l A - r-\_ H

Vi g T3

I T T B T

-

|

o———

Pl P f @

Datum ¥ .

(a) Equipotential lines and nodal flow rate
vectors through the dam

Isotropic earth dam with a horizontal drain
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------ = |sobar, (m)
Phreatic line or -2m

zero isobar _"‘“‘Hﬂ

2 m

3. ™

6m

Bm s li'ji? Lu E.68 .E'H'-"-ﬁ-.d__.i_-m' 5.3 ar.-*-_-.:.q 3.6 .n?‘:.a: J.owa g q.':_?. 2.1
B e L 8Y S0 B0 Joes fua e T T I;_-u .27 ahqw e B4 AT 21 Ml o194
’__)ﬂﬂ'ﬁruu PR B.UE BBE 7B BT TH.H—&.0 s JA1 BT pgd e _;ﬁ"m,gn A ‘,:.,p 2,37 3,37 8,70 009 098 -0
SERN Gp.BE B89 5 %% 594 3OBE & 7T R8I0 5.39 5. 08 |1|.:|,.|.n Tolf 3 .I..]t.!:h AT 'lu_wgu- c

&

Pressure contours have little physical meaning

(b) Contours of pore-water pressure heads
(isobars) through the dam

Isotropic earth dam with a horizontal drain
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Compacted soil may have k,, =9 to 16 times k|

— = Nodal flow rate vector,
Vi (MS8) with tljae scale
---- = Equipotential line (m) — = 40x10%" m/s
Scale for geometry: — = 1.56
Phreatic line =\ 9m

Reservoir level

L] 2|

¥ C_ 7
- - e o = -
- - __1--'# - = e = 5
- -r.-"- - - - --'- - 'I--"_-:F
- ,—".- -
1'-:-”1’1 e - -;.-"f- - u_..-"f-.- X .___;-'
- - :r - - r}.-r’:.. - .;“.‘ ™ I
- = IIIl'.-|- = 'III,I" = = "?".- m
Datum - - ;. - s Iy _ +-" . - &
> J i i g —E

Ve, I L] ! -
~— Horizontal drain—-—l

(a) Equipotential lines and nodal flow rate
vectors throughout the dam

Anisotropic earth dam with a horizontal drain

Equipotential lines and the zero pressure line
(phreatic surface) are of most relevance
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—= = Nodal flow rate vector,
vV M/ 8)with the scale

---- = Equipotential line {(m) — =1.06x10" m/s
9 m o rm Scale for geometry: — =1.566
?«.15 [T

Phreatic line .
; s
¢_Reservoir level W{

- h'/?
/3

>
)
. ~Jm -
% } W e Fermgam!gy
. I LIS unction
10 p-={ v ¥ 4 C \:IIK
i & % e = = . .
S A \
} = s Sl
Datum ¥ | “:—T_;:'::: 0. &
> Horizontal drain —)

Core with
permeability function B

(a) Equipotential lines and nodal flow rate
vectors throughout the dam

Isotropic earth dam with a core and a horizontal
drain

Equipotential lines show energy dissipation is through the
core but most of the flow is over the top of the core
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— = Nodal flow rate vector,
vw (M/s)with the scale
— = 4.2x10%m/s

...... = Equipotential line {m)

Phreatic line l !
z Reservoir level %LQ

‘“-
LY Y
\.

Scale for geometry: — = 1.56

L

S

L] W .rllr"‘ 4 H"’ :,, L
e Without infiltratlork 4 mf “ﬁ!\l
. x = |l‘l-- = —-I'I - fl-- '--.l'l ::. .|'-\_. e I -
N u;'-..ljh.,h._ff,,;::’t .
Datum a2 I a5 "!:i_‘“_"“jr‘w-\ \ ~EJ' )
am 7m 5m Emf .
| — Haorizontal clrain—-]

(a) Equipotential lines and nodal flow rate
vectors throughout the dam

Isotropic earth dam with a horizontal drain under
steady state infiltration

Rainfall causes the phreatic line to rise
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h =u,/(unit weight) + Y
h=Y sinceu,=0

— = Nodal flow rate vector, on seepage face
vw (M./s) with the sca}e
----- = Equipotential line (m) — =2B6x 109 M/S Scale for geometry; — =156

Free surface from

O9m .
8m flow net construction

Phreatic line

- Reservoir |level

7m

L1}
O

. -

———

A I R I

(1ITTT

|I|I'|I'.I'|'..".r"_.-""_.
liiii!

W E NN
I I I I I O

b r-Ld d ]
2k 2 b = N

(a) Equipotential lines and nodal flow rate
vectors throughout the dam

Isotropic earth dam with an impervious lower
boundary

Seepage face gives rise to a special type of boundary condition
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Special case of 2-dimensional ..
flow to illustrate the limitation '
of the flow net technique

Steady state water flow through an infinite slope
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&
E’l’a‘. é‘aﬂ_a__— Hydraulic head is equal to
‘B e g/ o¥  zero along the a-direction
-
¢ .II U

|
H
Pressura
head

Gravitational
head

Saturated zone

Pore-water pressure distributions in the unsaturated
zone of an infinite slope during steady state seepage
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Field velocity for three- Vo 4 OViwy dy
dimensional flow through O oY
unsaturated soils
iz .
| i
T : ;.r
Vi - = l —_— auwx d
dy I Vi =I'a X
/..-*‘l_ B
.fl "“ F.p""
_'I_ . avwz & *
I‘.“ll"'l"'II
X 0z Viuy
| dx >

Three-dimensional steady state water flow through
an unsaturated soil element
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Derivation of the partial differential equation for three-
dimensional flow through unsaturated soils

Fa g e
. + = o —w bhdyydEm - W - ——— Y oy — w ) dxdlz =
L - e — A . = " —y
W, = O e dz — w1 dx dw =
A=
wehere:
wo. = wwabter floww rate across a wndt area
of the soil in the z- direction
v " T
l: e — Pt — ey d —
T e A= bdz dw d= i
.—g; { ke, — ) r:-}h-ﬁ- -2 { B (u, —wu b 20w | L
dx iy A
5 h
—— I{-ﬁ_ll:u - i.l“_:l e } =
wherec dz - oz
E_ T, - w1 = wrater coefficienmt of penmealbility as
a fTumction of Mmatric suction
ah,, & 3= = hydrawulic head gradient in the =
~directiom
k. -ﬁ"h-_ - e aFh,, e Elﬂh:__ LAk ah . [ L | o T "
o = Ay Sz E e = g Ty
gk _ . dh, -
d= a= N

Unsaturated Soil Technology




	Chain Rule of Differentiation when Deriving the Partial Differential Equation for Saturated/Unsaturated Seepage

