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Introduction 
 
Research Background 
 
Connected Autonomous vehicle (CAV) technologies 

have gained many interests from government, companies, 

and academia in recent years due to the potential benefits 

on traffic safety, road capacity, energy saving, etc. 

Recent progress shows that CAVs are on the horizon. 

However, the CAVs penetration rate will not approach 

100% directly. CAVs and RHVs (regular human-driving 

vehicles) will be mixed in the network for many years. 

And this situation will decrease the performance of 

CAVs significantly. Therefore, CAVs dedicated link 

have been proposed in many studies. By Separating 

CAVs and RHVs flow, we can improve the performance 

of CAVs and optimize the transportation network. 

However, arbitrary deployment will have negative 

effects on the network. We have to make an optimal plan 

to deploy the CAVs dedicated link. 
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Objective 
 
▪ Minimize the total disutility of the network after 

deploying CAVs dedicated link. 

▪ Find the CAVs dedicated link optimal deployment 

plan under different CAVs market penetration rate. 

 
Methodology 
 
In this study, the optimal deployment problem is a Bi-

level network design problem. The lower level problem 

is a multi-class stochastic network equilibrium model and 

the upper level problem is CAVs dedicated link location 

problem. By solving the lower level problem, the optimal 

solutions of CAVs link optimal deployment model can be 

easily obtained. 

 

Multi-class Stochastic Network Equilibrium 
Model 
 
OD Demand 
 
we assume the OD demand in the network is stochastic 

and follows lognormal distribution. then the demand flow 

for OD  

 

pair 𝑤 is: 

𝑄𝑤~𝐿𝑁(𝜇𝑄𝑤
, 𝜎𝑄𝑤

2 ) 

 

 

Where, 𝜇𝑄𝑤
 and 𝜎𝑄𝑤

2  are the mean and variance of 

corresponding normal distribution respectively which are 

taken logarithm of the normal distribution. 

 

 

 𝐸[𝑄𝑤] = 𝑞𝑤                (1) 

𝑣𝑎𝑟[𝑄𝑤] = (𝑐𝑣𝑤 ∙ 𝑞𝑤)2           (2) 

 

Where 𝑞𝑤 is the mean demand flow of CAVs for OD pair 

𝑤. 𝑐𝑣𝑤  is the coefficient of variation in demand for 𝑤. 

(𝑐𝑣 = √(𝑣𝑎𝑟[∙] )/𝐸[∙] )  

 

OD Demand of CAVs and RHVs 
 

𝑄𝑤
𝐶𝐴𝑉 = 𝜌𝑤 ∙ 𝑄𝑤              (3) 

𝑄𝑤
𝑅𝐻𝑉 = (1 − 𝜌𝑤) ∙ 𝑄𝑤            (4) 

 
𝑄𝑤

𝐶𝐴𝑉  and 𝑄𝑤
𝑅𝐻𝑉  are the OD flow of CAVs and RHVs 

respectively. 𝜌𝑤 is the penetration rate of CAV of OD 

𝑤 . 𝑄𝑤
𝐶𝐴𝑉  and 𝑄𝑤

𝑅𝐻𝑉  also follow a lognormal 

distribution since  𝑄𝑤  follows lognormal distribution.  

Then the mean and variance of the CAV OD demand can 

be calculated. 

 
Path Flow of CAVs and RHVs 
 
The flow of path 𝑘 in OD pair 𝑤 of CAVs, 𝐹𝑤,𝑘

𝐶𝐴𝑉 , and 

the flow of path 𝑘 in OD pair 𝑤 of RHVs, 𝐹𝑤,𝑘
𝑅𝐻𝑉 ,can 

be calculated as: 

 

𝐹𝑤,𝑘
𝐶𝐴𝑉 = 𝑝𝑤,𝑘

𝐶𝐴𝑉 ∙ 𝑄𝑤
𝐶𝐴𝑉             (5) 

𝐹𝑤,𝑘
𝑅𝐻𝑉 = 𝑝𝑤,𝑘

𝑅𝐻𝑉 ∙ 𝑄𝑤
𝑅𝐻𝑉             (6) 

 

Where,  𝑝𝑤,𝑘
𝐶𝐴𝑉  and 𝑝𝑤,𝑘

𝑅𝐻𝑉  is the probability that CAVs 

and RHVs users choose path 𝑘  in OD pair 𝑤 

respectively. 

 

The path flow also follows a lognormal distribution since 

𝑄𝑤
𝐶𝐴𝑉  and 𝑄𝑤

𝑅𝐻𝑉  follow lognormal distribution. Then its 

mean, standard deviation and covariance can be 

calculated. 

 

Link Flow of CAVs and RHVs 
 
The link flow of CAVs of link 𝑎, 𝑉𝑎

𝐶𝐴𝑉  ,  and the link 

flow of RHVs of link 𝑎, 𝑉𝑎
𝑅𝐻𝑉can be represented by: 

 

𝑉𝑎
𝐶𝐴𝑉 = ∑ ∑ 𝛿𝑤,𝑘,𝑎

𝐶𝐴𝑉
𝑤∈𝑊 ∙ 𝐹𝑤,𝑘

𝐶𝐴𝑉
𝑘∈𝐾𝑤

𝐶𝐴𝑉      (7) 

𝑉𝑎
𝑅𝐻𝑉 = ∑ ∑ 𝛿𝑤,𝑘,𝑎

𝑅𝐻𝑉
𝑤∈𝑊 ∙ 𝐹𝑤,𝑘

𝑅𝐻𝑉
𝑘∈𝐾𝑤

𝑅𝐻𝑉      (8) 

 



Where, 𝛿𝑤,𝑘,𝑎
𝐶𝐴𝑉  is the 0, 1 indicator variable, 𝛿𝑤,𝑘,𝑎

𝐶𝐴𝑉  = 1 

if path 𝑘 (𝑘 ∈ 𝐾𝑤
𝐶𝐴𝑉 ) of OD pair 𝑤  uses link a, and 

𝛿𝑤,𝑘,𝑎
𝐶𝐴𝑉 = 0, otherwise. 𝛿𝑤,𝑘,𝑎

𝑅𝐻𝑉  is the 0, 1 indicator variable, 

𝛿𝑤,𝑘,𝑎
𝑅𝐻𝑉  = 1 if path 𝑘 (𝑘 ∈ 𝐾𝑤

𝑅𝐻𝑉) of OD pair 𝑤 uses 

link a, and 𝛿𝑤,𝑘,𝑎
𝑅𝐻𝑉 = 0, otherwise.  

 

The sum of lognormal distributions does not follow a 

lognormal distribution theoretically.  However, Abu-

Dayya and Beaulieu proposed three approaches in 1994 

that approximate the sum of the correlated lognormal 

distributions with a lognormal distribution. Therefore, in 

this study, the sum of lognormal distributions is assumed 

to follow lognormal distribution. Then link flow in this 

study is assumed to follow the lognormal distribution. 

Hereafter, the mean and covariance of the link flow of 

CAVs and RHVs can be calculated. 

 
Link Travel Time 
 
By following the BPR function, the stochastic link travel 

time can be calculated by stochastic link flow and 

stochastic link capacity. That is: 

𝑡𝑎(𝑉𝑎, 𝐶𝑎) = 𝑡𝑎
0 ∙ (1 + 𝛼𝑎 ∙ (

𝑉𝑎

𝐶𝑎
)

𝛽𝑎
)      (9) 

Where, 𝑉𝑎 is the total link flow of link 𝑎, 

 

𝑉𝑎 = 𝑉𝑎
𝑅𝐻𝑉 + 𝑉𝑎

𝐶𝐴𝑉             (10) 

 

  𝐶𝑎  is the stochastic link capacity of link 𝑎 . 

According to Wang’s study in 2019, the link capacity 

mixed CAVs and RHVs is, 

 

𝐶𝑎 =
1

𝑉𝑎
𝐶𝐴𝑉

𝑉𝑎
𝑅𝐻𝑉+𝑉𝑎

𝐶𝐴𝑉∙
1

𝐶𝑎
𝐶𝐴𝑉+

𝑉𝑎
𝑅𝐻𝑉

𝑉𝑎
𝑅𝐻𝑉+𝑉𝑎

𝐶𝐴𝑉∙
1

𝐶𝑎
𝑅𝐻𝑉

      (11) 

 

Where, 𝐶𝑎
𝐶𝐴𝑉 is the link capacity of CAVs, and 𝐶𝑎

𝑅𝐻𝑉 is 

the link capacity of RHVs, and both follow independent 

lognormal distribution. Note that the link capacity and 

link flow are independent of each other. 

 

The link travel time also follows lognormal distribution. 

Then we can calculate the mean and covariance of link 

travel time 

 
Path Travel Time of CAVs and RHVs 
 
The path travel time of CAVs and RHVs are the sum of 

the link travel time respectively, that is: 

 

𝑇𝑤,𝑘
𝐶𝐴𝑉 = ∑ 𝛿𝑤,𝑘,𝑎

𝐶𝐴𝑉 ∙ 𝑇𝑎𝑎∈𝐴           (12) 

𝑇𝑤,𝑘
𝑅𝐻𝑉 = ∑ 𝛿𝑤,𝑘,𝑎

𝑅𝐻𝑉 ∙ 𝑇𝑎𝑎∈𝐴           (13) 

 

The path travel time follows lognormal distribution since 

link travel time follows lognormal distribution. Then the 

mean and variance of CAVs and RHVs path travel time 

can be calculated. 

 

Path Choice Behavior of CAVs and RHVs 

 
For CAVs, benefits from the vehicle-to-infrastructure 

and vehicle-to-vehicle communications, CAVs can 

obtain enough information to get the accurate link travel 

time and can always choose the shortest paths of the 

corresponding OD pairs. Accordingly, in this study, 

CAVs follow a User Equilibrium (UE) model.  

 

For RHVs, in this study, the path choice behavior of 

RHVs is assumed as logit-based SUE model. 

 

Multiclass traffic assignment model 
 
According to above, by following Nagurney’s study in 

2000, the equilibrium conditions of RHVs (SUE) and 

CAVs (UE) can be expressed by variational inequality 

(VI) problems. 

 

𝝋𝐶𝐴𝑉∗ ∙ (𝒇𝐶𝐴𝑉 − 𝒇𝐶𝐴𝑉∗)𝑇 + 𝝋𝑅𝐻𝑉∗ ∙ (𝒇𝑅𝐻𝑉 − 𝒇𝑅𝐻𝑉∗)𝑇 ≥ 0 

 

Where, 

𝝋𝑤
𝐶𝐴𝑉∗ = (𝜑𝑤,1

𝐶𝐴𝑉∗, ⋯ , 𝜑
𝑤,|𝐾𝑤

𝐶𝐴𝑉| 
𝐶𝐴𝑉∗ )      (15) 

𝝋𝐶𝐴𝑉∗ = (𝝋1
𝐶𝐴𝑉∗, ⋯ , 𝝋|𝑊| 

𝐶𝐴𝑉∗)        (16) 

𝝋𝑤
𝑅𝐻𝑉∗ = (𝜑𝑤,1

𝑅𝐻𝑉∗, ⋯ , 𝜑
𝑤,|𝐾𝑤

𝑅𝐻𝑉| 
𝑅𝐻𝑉∗ )     (17) 

       𝝋𝑅𝐻𝑉∗ = (𝝋1
𝑅𝐻𝑉∗, ⋯ , 𝝋|𝑊| 

𝑅𝐻𝑉∗)       (18) 

 𝒇𝑤
𝐶𝐴𝑉 = (𝑓𝑤,1

𝐶𝐴𝑉 , ⋯ , 𝑓
𝑤,|𝐾𝑤

𝐶𝐴𝑉| 
𝐶𝐴𝑉 )       (19) 

 𝒇𝑤
𝐶𝐴𝑉∗ = (𝑓𝑤,1

𝐶𝐴𝑉∗, ⋯ , 𝑓
𝑤,|𝐾𝑤

𝐶𝐴𝑉|
𝐶𝐴𝑉∗ )       (20) 

𝒇𝐶𝐴𝑉 = (𝒇1
𝐶𝐴𝑉 , ⋯ , 𝒇|𝑊|

𝐶𝐴𝑉)         (21) 

𝒇𝐶𝐴𝑉∗ = (𝒇1
𝐶𝐴𝑉∗, ⋯ , 𝒇|𝑊|

𝐶𝐴𝑉∗)        (22) 

𝒇𝑤
𝑅𝐻𝑉 = (𝑓𝑤,1

𝑅𝐻𝑉 , ⋯ , 𝑓
𝑤,|𝐾𝑤

𝑅𝐻𝑉|
𝑅𝐻𝑉 )       (23) 

𝒇𝑤
𝑅𝐻𝑉∗ = (𝑓𝑤,1

𝑅𝐻𝑉∗, ⋯ , 𝑓
𝑤,|𝐾𝑤

𝑅𝐻𝑉|
𝑅𝐻𝑉∗ )       (24) 

𝒇𝑅𝐻𝑉 = (𝒇1
𝑅𝐻𝑉 , ⋯ , 𝒇|𝑊|

𝑅𝐻𝑉)          (25) 

𝒇𝑅𝐻𝑉∗ = (𝒇1
𝑅𝐻𝑉∗, ⋯ , 𝒇|𝑊|

𝑅𝐻𝑉∗)         (26) 

∆𝑅𝐻𝑉 ∙ 𝒇𝑅𝐻𝑉𝑇
= 𝒒𝑅𝐻𝑉𝑇

           (27) 

𝒒𝑅𝐻𝑉 = (𝑞1
𝑅𝐻𝑉 , ⋯ , 𝑞|𝑊|

𝑅𝐻𝑉)           (28) 

∆𝐶𝐴𝑉 ∙ 𝒇𝐶𝐴𝑉 𝑇
= 𝒒𝐶𝐴𝑉𝑇

            (29) 

𝒒𝐶𝐴𝑉 = (𝑞1
𝐶𝐴𝑉 , ⋯ , 𝑞|𝑊|

𝐶𝐴𝑉)           (30) 

𝒇𝑅𝐻𝑉 ≥ 0                 (31) 

𝒇𝐶𝐴𝑉 ≥ 0                 (32) 

 
CAVs Dedicated Link Location Problem 
 
Deployment Policy 
 
In this study, we directly change the target link from a 

normal link to a CAVs dedicated link. Therefore, the 

construction cost can be ignored.  



 
Optimal Deployment Problem 
 
The optimal deployment problem can be formulated as a 

System Optimal (SO) model: 

𝑚𝑖𝑛𝒛 = 𝜂𝐶𝐴𝑉∗(𝒇𝐶𝐴𝑉∗)𝑇 + 𝜂𝑅𝐻𝑉∗ ∙ (𝒇𝑅𝐻𝑉∗)𝑇 

 𝑠. 𝑡. 

      (19) ~ (32) 

𝜂𝑤
𝐶𝐴𝑉∗ = (𝜂𝑤,1

𝐶𝐴𝑉∗, ⋯ , 𝜂
𝑤,|𝐾𝑤

𝐶𝐴𝑉| 
𝐶𝐴𝑉∗ )           (33) 

𝜂𝐶𝐴𝑉∗ = (𝜂1
𝐶𝐴𝑉∗, ⋯ , 𝜂|𝑊| 

𝐶𝐴𝑉∗)               (34) 

𝜂𝑤
𝑅𝐻𝑉∗ = (𝜂𝑤,1

𝑅𝐻𝑉∗, ⋯ , 𝜂
𝑤,|𝐾𝑤

𝑅𝐻𝑉| 
𝑅𝐻𝑉∗ )            (35) 

𝜂𝑅𝐻𝑉∗ = (𝜂1
𝑅𝐻𝑉∗, ⋯ , 𝜂|𝑊| 

𝑅𝐻𝑉∗)              (36) 

 
Numerical Experiment 
 
In this study, we use a test network which was proposed 

by Nguyen and Dupuis to do a numerical experiment. In 

the lower-level problem, we use MSA algorithm to 

calculate the multi-class network traffic assignment 

model. 

 

Figure 1 shows the Distributions of path travel time on 

path 1, path 10, path 18 and path 20. In the upper-level 

problem, we deployed 1 CAVs dedicated link in the 

network and obtain the optimal deployment plan under 

different CAVs penetration. Table 1 shows the optimal 

deployment plan. 

Fig. 1: Distributions of path travel time 
 
 
 
 
 
 
 
 

Table 1: Optimal deployment plan 
 
Conclusion and Future Tasks 
 
In this study, we proposed a bi-level network design 

model to solve the CAVs dedicated link optimal 

deployment problem in a multi-class and stochastic 

network. The result shows that the results of traffic 

assignment in the lower-level problem are reliable. 

Moreover, the result shows that the increasing 

penetration rate of CAVs have positive impact on 

network and CAVs dedicated link should be deployed in 

a low CAVs penetration rate. 

 

However, in this study, since the limitation of the 

algorithm, we do not solve the global optimal solutions 

of the upper-level problem. The future task is to find a 

effective algorithm and solve the global optimal solutions 

of the optimal deployment problem. 
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