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Introduction 
 
The cyclic steps formed by long-runout turbidity currents is 

presented in this study. We assume that an equilibrium state 

can be achieved in the high-concentrated layer near the 

bottom of long run-out turbidity currents. Then we propose an 

analytical model with the layer-averaged governing equations 

to reproduce cyclic steps with relatively long wavelengths 

accompanied by periodic internal hydraulic jumps. The 

momentum and continuity equations along with the 

diffusion/dispersion equation of suspended sediment and the 

continuity equation of sediment (Exner equation) are 

integrated over the high-concentrated lower layer. The high-

concentrated layer can run long distances and has little 

interaction with the upper layer ultimately.   

     After calculation, we can generate the variations of non-

normalized suspended sediment concentration, layer-averaged 

velocity, bed elevation and layer thickness over one step 

wavelength. The features of obtained steps in the analysis 

bear acceptable agreements with the field observations. 

 

  

Formulation 
 

The sediment of turbidity currents is driven by gravity, whilst 

water is dragged by the sediment. Turbidity currents are 

denser than ambient water and entrain neighboring water, 

which leads to sediment diluting as well as current 

thickening. However, some turbidity currents can run 

extremely long distances without dissipation. To explain this 

feature of turbidity currents, Luchi et al. [2018] divided the 

flow into two layers as shown in figure 1. The lower driving 

layer has the invariant flow thickness and velocity, and the 

suspended sediment concentration profile can continue 

indefinitely at a steady state when traversing a constant bed 

slop. The upper driven layer continues to entrain ambient 

water and leads to the dilution of concentration.  

The upper layer ultimately has little interaction with the lower 

driving layer and the dividing of the flow allows the driving 

layer to run long distances. The upper layer is exerted by the   

 

 
Fig1. sketch of the model 

gravity while the gravity is balanced with the shear stress 

from the bottom in the lower layer and the shear stress is 

almost zero at the interface. The water may be entrained 

upward, but the suspended sediment need not follow because 

of its fall velocity. In this configuration, we can regard the 

high-concentrated lower layer as an equilibrium state, and the 

entrainment from ambient water thus can be ignored. 

     Cyclic steps are a series of upward migrating steps that are 

bounded by hydraulic jumps as shown in figure 2. The 

upstream (stoss) side of one step has a gentle slope, whereas 

the downstream (lee) side has a steep slope. The flow is 

subcritical at the stoss side and it accelerates towards lee side 

end to become supercritical flow. At the upstream side, the 

slow flow causes deposition while erosion is caused by swift 

flow at the downstream side. 

 

  
Fig2. Conceptual sketch of cyclic steps 

 

     The governing equations, which describe the cyclic steps 

formed by long-runout turbidity currents, include the 

momentum equation, the continuity equation, the 

conservation equation of suspended sediment and the Exner 

equation 
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where  means dimensional variables; t is the time; x is the 

streamwise coordinate; h is the layer thickness; C is the layer-

averaged suspended sediment concentration; U is the layer-

averaged velocity in the x direction; η is the bed elevation; ρ 

is the density of water; τb is the bed shear stress; R is the 

submerged specific gravity; g is the gravity acceleration; E is 

the entrainment rate of suspended sediment from the bottom;  



D is the deposition rate of suspended sediment onto the bed; 

vs is the falling velocity of suspended sediment; cb is the 

suspended sediment concentrations near the bed.  

     The evolution of cyclic steps in a submarine environment 

formed by density-driven turbid underflow has been 

addressed through a mathematical perspective by Dias et 

al. [2012]. The variables in the governing equations are 

normalized by the variables of the critical regime. However, it 

is difficult to obtain these values. To avoid this 

inconvenience, the normalization for the case of flow in the 

absence of steps is applied here. The following normalization 

are introduced 

            

     

                                      (5) 
where the subscript n denotes the flow in the absence of steps. 

     Taki and Parker [2005] indicated that the cyclic steps can 

reach an equilibrium state at which a periodic wave train 

migrates upstream without changing form. The following 

coordinate system is introduced 

                                                       (6) 
where f is the migration speed. 

     After further manipulation, the governing equations can be 

reduced to the following equations 
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where , , Rin is Richardson number and is 

expressed as . 

     To solve the governing equations, the appropriate 

boundary conditions are necessary. A hydraulic jump takes 

place when the flow transits from the supercritical to the 

subcritical regime. The momentum of the upstream and 

downstream of the hydraulic jump is conserved. After further 

manipulation, the following relation is obtained   

                         (9)            
where L- and L+ denote the upstream and downstream sides 

of the hydraulic jump, respectively. The bed is eroded until 

the velocity reduces to the threshold velocity, Uth, and the 

suspended sediment concentration is continuous between the 

upstream and downstream sides. 

 

 

Solution 
 

The flow progresses from upstream to downstream must pass 

through the Richardson critical point, where the denominator 

of (7) vanishes. To avoid this singularity, the numeration is 

supposed to vanish at the critical point as well. By this 

additional condition, the migration speed and the critical 

suspended sediment concentration can be specified. If the 

critical velocity is set, the critical concentration can be 

computed from the denominator of (7) and the migration 

speed is calculated from the numerator of (7). Richardson 

number for the case of a plane bed is smaller than unity since 

the flow is assumed as in the supercritical regime.  

     We solve the two-point boundary value problem 

composed of the governing equations by the shooting method  

with the Newton-Raphson scheme. The variations of the 

velocity, the suspended sediment concentration, the bed 

elevation and the high-concentrated layer thickness can be 

obtained after calculation. The governing equations are 

integrated from the critical point to the upward side and the 

downward side of one step to meet the specified boundary 

conditions. The calculation is initiated from the vicinity of the 

Richardson critical point in order to avoid the singularity at 

the critical point and L'Hopital's rule is applied in this 

equation.  

 

 

Calculation of Non-normalized Variables 
 
The values of variables for the case of flow in the absence of 

steps are calculated in order to obtain the non-normalized 

values. The non-normalized wavelength and non-normalized 

wave height of cyclic steps are determined by the thickness of 

the high-concentrated layer in the absence of bedforms. 

According to the research of Izumi [2018], the non-

normalized high-concentrated layer thickness in the absence 

of bedforms can be calculated by the fall velocity relative to 

the friction velocity, the slope of the ocean floor and the 

particle Reynolds number 

                                                 (10) 

where cb is the suspended sediment concentration near the 

bottom; Rp is the particle Reynolds number. Un can be 

calculated by 

                                                                           (11) 

     Furthermore, Cn can be gained with the help of En since 

they have almost same values for the case of without steps. 

The erosion rate of the suspended sediment is considered 

equal to the deposition rate of the suspended sediment. The 

following relation yields 

                                                                           (12) 

     For specified sediment size (0.18 mm), normalized fall 

velocity (0.015) and particle Reynolds number (10), the high-

concentrated layer thickness can be calculated as 78 m. And 

the velocity in the absence of steps is 6.39 m/s, and the 

suspended sediment concentration is 0.3 in this case. 

 

 

Application 
 

In order to regenerate the cyclic steps observed in the natural 

submarine environment, the data from field observations are  



applied. Cyclic steps within the South Taiwan Shoal canyon 

are investigated by Guangfa Zhong et al. [2015] as shown in 

figure 3. These step-like features, ranging from 1.2 to 10 km 

in wavelength and 15 to 81 m in wave height. The average 

slope angle with cyclic steps of the upper segment is 0.26օ 

and the average slope angle is 0.64օ in the lower segment. 

 

  
Fig. 3: Longitudinal bathymetric profiles showing 

morphologic characteristics of the cyclic steps within the 

South Taiwan Shoal canyon. [ Zhong et al. 2015] 

 

     It is vital to specify the input values at the upper segment 

with a larger average slope angle. The drag coefficient is 

0.003 in this case, and thus the range of β is from 0.05 to 

5.48. According to figure 18, 1–19 denotes cyclic steps and L 

means lee sides and S means stoss sides. σ can be calculated 

with the aid of the average slope to be 3.72 in the upper 

segment and σ is 1.51 in the lower segment. The original 

slope in the upper segment is assumed as 0.0038 and Rin 

calculated by the drag coefficient and the original slop is 0.8. 

The original slope and Rin in the lower segment are 0.0033 

and 0.9, respectively. β is 3.7 in this case. 

 

 

Results 
 
The variation of the numerator of (7) meets two points which 

are zero if σ is smaller than a specific value. However, the 

singularity is only supposed to show at the Richardson critical 

point. The two singularities fail to be avoided at the same 

time and this irrationality leads to the inability of calculation. 

σ is determined by the average slope and the drag coefficient. 

Rin can be calculated by the original slope and the drag 

coefficient. To see the relation between these parameters, it is 

clearer if the parameters are expressed by slope. Here 0.005 is 

selected for the value of the drag coefficient, and then the 

values of the original slope and the average slope can be 

acquired. Figure 4 reports that the average slope is affected by 

the original slope. It suggests the average slope sees a rise 

with the increase of the original slope and the decrease of β. 

 

 
Fig 4. The relation between average slope and original slope 

 

     We found that the average slope has an impact on the 

wavelength of one step. In figure 5, the relatively long 

wavelength appears on the mild slope while the short 

wavelength forms on the steep area. β is not the main factor 

affecting the difference of wavelength. Our analysis about the 

relation between slope and wavelength agrees with the 

observation in the natural environment. 

 

 
Fig. 5: The relation between average slope and original slope 

 

     Formulated model to address the cyclic steps formation 

process has generated a set of results in the variation of 

dominant parameters over one step wavelength. A series of 

steps are observed at the upper and the lower segment within 

the South Taiwan Shoal canyon, and the model can be 

calculated in both cases. 

     The Richardson critical point is at x = 0, and a gradual 

increase in velocity up to the Richardson critical point, 

followed by an abruptly accelerated behavior towards the 

downstream end shows supercritical flow. The hydraulic 

jump is bounded with flow transition from supercritical to 

subcritical regime. In figure 6, the velocities range from 4 to 

10 m/s and rise to around 6 m/s at the Richardson critical 

point. The currents travel relatively long distances to have the 

critical velocity on the mild slope, but the currents reach the 

critical point faster when they are on the steep slope.      

 

 
               (a) σ = 3.72                               (b) σ = 1.51        

Fig 6. Variation of nonnormalized layer averaged velocity 

over one step wavelength. Rin = 0.9, β = 3.7 

 

     One of the vital outcomes is the variation of the suspended 

sediment concentration over individual bedforms. Observing 

figure 6, the suspended sediment deposit when the flow is 

slow, and it thus implies the suspended sediment 

concentration declines. The suspended sediment 

concentration starts to rise when the flow is fast since the 

flow entrains more sediment. As a result, the longer 

wavelength forms on the mild slope but short wavelength 

shows on the steep slope. 

 

  
              (a) σ = 3.72                                    (b) σ = 1.51        

Fig 6. Variation of non-normalized suspended sediment 

concentration over one step wavelength. Rin = 0.9, β = 3.7 



     The shape of one step and water surface elevation are 

shown in figure 7, where ξ is 

                                                            (13) 
     It has been considered that the solitary step migrates 

upstream preserving its shape. In the gently sloping 

subcritical regime, the sediment deposition is dominant while 

the entrainment is dominant in the supercritical regime, 

allowing the subsequent steps to migrate upward. The stoss 

side occurs when the flow is subcritical and the lee side 

appears when the flow is supercritical in the downstream side. 

As described before, the wavelength of the cyclic step is 

normalized by the ratio between the layer thickness and the 

drag coefficient, and the bed elevation is normalized by the 

layer thickness. Hence, the wavelength is around forty times 

larger than the wave height. The long wave assumption in 

which the wavelength of cyclic steps must be some orders of 

magnitude larger than the wave height is satisfied. 

     Thin and fast Froude supercritical flow down the lee side 

is always less depositional or more erosional than the thicker 

and slower Froude subcritical flow over the stoss side. The 

bed elevation and the water surface are presented in figure 7. 

The cyclic steps shown here are downslope asymmetric. 

Every step has a long and mild upward slope in the upstream 

part of the step; and the short and steep downward slope in 

the downstream. The wavelength is around 2000 m when the 

slope is 0.64◦ and it is about 8000 m on the slope angle of 

0.26◦. The steps observed within South Taiwan Shoal canyon 

ranging from 1.2 to 10.0 km in wavelength and 5.4–80.9 m in 

wave height. The obtained steps in the analysis bear an 

acceptable agreement with the field observations. 

 
              (a) σ = 3.72                                   (b) σ = 1.51   
Fig 7. The distributions of nonnormalized bed elevation and 

water surface over one step wavelength. Rin = 0.8, β = 3.7 

 

 

Conclusions 
 

A mathematical model is presented to reproduce the cyclic 

steps formed by long-runout turbidity currents. Yet the 

existing studies fail to capture the features of turbidity 

currents, which can run long distances. In this study, we focus 

on the high-concentrated lower layer of the turbidity currents, 

and thus the entrainment from the ambient sea water is 

ignored. In the analysis, the average slope of the ocean floor 

is effected by the original slope and Rin. To obtain the non-

normalized values of variables, it is vital to calculate the 

values of parameters for the case of the flow in absence of 

cyclic steps. The nonnormalized high-concentrated layer 

thickness, the velocity and the suspended sediment 

concentration can be calculated with the aid of the fall 

velocity relative to the friction velocity, the slope of the ocean 

floor, the entrainment rate and the particle Reynolds number. 

     With the light of this study, this model can be used in the 

field. We can generate the variations of the velocity, the 

suspended sediment concentration and the layer thickness  

over one step wavelength in the natural field. The shapes of 

cyclic steps are obtained as well. In addition, it seems that the 

relatively longer wavelength is achieved on the relatively 

smaller slope. The theoretical results are consistent with the 

observation within the South Taiwan Shoal canyon. 
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