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Introduction 
 
The neutron transport equation is a governing equation of 
neutrons behavior in a reactor core, and numerical methods to 
accurately obtain its solution are very important in the field of 
nuclear reactor physics. In whole-reactor core calculations, the 
neutron diffusion equation, which is derived from the transport 
equation by introducing several approximations, has been 
generally used because of its simplicity and convenience in 
comparison with the original transport equation. Whole-core 
calculations based on the diffusion equation have good 
accuracy, but recently more accurate numerical methods are 
desired to extend a feasible range in reactor core design 
calculations. The simplified spherical-harmonics (simplified 
Pn, or SPn) equation [1] has been derived from the neutron 
transport equation with less approximations in comparison with 
the diffusion equation. More accurate solution is expected in 
the SPn (normally, n=3) equation than the diffusion equation. 
 
On the other hand, the hierarchical domain decomposition-
boundary element method (HDD-BEM) has been used to solve 
multi-region neutron diffusion problems, and a computer code 
for two-energy group and three-dimensional diffusion problems 
has been developed. The boundary element method (BEM) is 
employed to discretize the spatial dependence, see Figure 1 and 
coupled with Newton-Rapson's method for iteration.  
 

 
      Figure 1. Spatial discretization of BEM, FDM and FEM. 
 
Compared with finite difference method (FDM) or finite 
element method (FEM), boundary element method only 
considers the boundary information by taking advantage of the 
boundary integral equation, thus the dimension of geometry can 
be reduced by one. 
 
Recently, it has been extended HDD-BEM to solve the SP3 
equation.  However, this work has been limited to one-energy 
group problem. 
 
In this research, the influence of complex buckling will be 
investigated, and extension work into multi-group neutron 
diffusion and SP3 equation will be studied. 
 

 
Methods 
 
The HDD-BEM, as Figure 2, consists of two levels: for the 
lower level, the multi-group neutron diffusion equation or 
simplified P3 equation are transformed into a set of 
independent mode equations. A whole system is divided into 
homogeneous regions. Neutron multiplication factor (keff) of  
the system, and mode flux on inner boundaries between 
neighboring regions are assumed. Then the boundary 
information of all regions can be calculated with boundary 
integral equation; 
 

 
 
                Figure 2. Calculation scheme of HDD-BEM 
 
In the higher level, continuity condition of neutron current on 
inner boundaries is checked. If this condition is not satisfied, 
the assumed variables are modified by Newton-Rapson’s 
method, which is utilized to find the multiple roots for multi-
variable complex functions. 
 
Results 
 
To validate the feasibility of proposed theory, an independent 
computer program with Python programming language was 
prepared and the comparison with the traditionally used finite 
volume method (FVM) coupled with power iteration method, 
was conducted. Table 1 shows the benchmark result for the 
simplified P3 equation.  
 

Table 1. Neutron multiplication factor of SP3 calculation 
 

Problem Method keff 
one-group FVM 1.21563 
one-group HDD-BEM 1.21562 

 

 



 
Figure 3 shows the comparison of neutron flux for a half-core 
in terms of neutron diffusion equation. When x=30cm, there 
exists an interface between core region and reflector region. 
 

 
 
Figure 3. Neutron flux distribution for neutron diffusion    
equation with complex buckling. 
 
 
Furthermore, neutron flux in given group can be decomposed 
into several modes, in other words, represents the linear 
combination of all mode flux as Figure 4. 
 

 
Figure 4. Mode neutron flux decomposition for neutron 
diffusion equation with complex buckling. 
 

 
 
 
Discussion 
 
In summary, the proposed HDD-BEM has been extended into 
solve multi-group neutron diffusion equation with considering 
the complex buckling: 
 
§ Good agreement is obtained when compared with reference 

solutions (keff and neutron flux). 
§ Fast convergence can be maintained within a few iterations 

when initial guesses are properly assumed, even the input 
cross section changes. 

§ The HDD-BEM can be used to solve any diffusion-like 
equations (second-order differential equation) in multi-
group problem. 
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