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Introduction 

 

Two major processes in meander migration are bank 

erosion and bank accretion. Bank erosion has a huge 

impact in the environment, society and economy (loss of 

productive land, homelessness, migration, economic 

crisis, etc.). Although there is a lot of investigation about 

this topic, there are some points that have not been 

investigated yet. This study is focused in cantilever 

failures which are commonly observed in rivers with 

cohesive banks. To be more precise we focus on “slump 

blocks” and their effect in meander migration and 

erosion rates. So far, the developed models for 

cantilever failures have represented the effect of slump 

block indirectly by either increasing the critical shear 

stress or including an armoring coefficient. In this paper 

we developed a methodology that includes the effect of 

slump blocks in a curved channel using a physically-

based bank erosion model. 

 

 

Methodology 
 

The model proposed in this paper is the result of merging 

of two numerical models: Patsinghasanee et al’s bank 

erosion model1) and Garcia et al’s flow model2). 

 

Flow model in Garcia et al. (1996) 
 

The flow model developed by Garcia et al. is based on 

the solution of Ikeda et al. for the near- bank excess 

velocity. The near bank velocity is derived from the 

Saint-Venant equations and the continuity equation for 

flows. Assuming a constant width and a linear transverse 

bed elevation in function of the curvature, a 

mathematical solution was found for the near-bank 

perturbation velocity ub: 
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where C is the local curvature, s streamwise direction 

and a1, a2, a3 and a4 are coefficients that can be 

calculated using equations 2.22 (a-d) from page 10 of 

reference 2). 

 

Bank erosion model of Patsinghasanee et al. 
(2016) 
 

This bank erosion model wa developed based on author 

observations in an experimental flume. Four stages in 

the development of cantilever failures were observed: 

1)fluvial erosion, 2) development of tension cracks, 

3)failure of overhanging part in the bed channel and 

slump blocks decomposition and 4) sediment transport 

of the banks2). 

 The model is developed considering the previous 

stages.  

 The authors conceptualized the problem and 

developed a cross sectional model to represent the bank 

erosion phenomenon in rivers with cohesive banks. The 

model uses a triple grid approach (Fig.1), considering a 

coarse one-dimensional (1-D) grid for the flow 

calculations in the lateral direction, a fine 1-D grid for 

the sediment transport and bed deformation in the lateral 

direction and a 2D-fine grid for computation of the soil.  

 
Fig. 1 Representation of the cantilever failure using the triple-

grid approach (Patsinghasanee et al. 2016) 

 

The fluvial erosion in the model was calculated using the 

well know equation of Partheniades (1965), which 

relates the rate of bank erosion with the excess shear 

stress formula given below: 
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where ε is the fluvial erosion rate of the bank (m/s), kd is 

the erodibility coefficient (m3/(N s)), τb0 is the actual 

shear stress applied by the flow (Pa), τbc is the critical 

shear stress of the bank (Pa) and a is an exponent 

generally assumed to be equal to one.  

 The actual shear stress was calculated in each cell 

using the following equation: 

igRjb  0     (3) 

where Rj is the hydraulic radius in each calculation cell 

(Aj/Pj), Aj is the cross-sectional area of a cell, Pj is the 

wetted perimeter of a cell, j is the lateral cell number and 

i is the energy slope. In the model uniform flow 

conditions were assumed and therefore, the energy slope 

was set equal to the bed slope. 

 According to Patsinghasanee et al. this method 

neglects the lateral shear stress, which it is an 

idealization of the fluvial erosion rate estimation. 

 The velocity in each cell uj was calculated using 

Manning’s formula: 
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where nm is the Manning roughness parameter along the 

channel calculated using the Manning-Strickler equation 

(ks
1/6/7.66g1/2) and ks is the roughness height defined as 

1.5d50.  

 For the next stage, the cantilever failure was 

analysed using a limit equilibrium analysis. Two types 

of failure were considered: shear and beam failure (Fig. 

2). 

 

 
 

(a) Shear-type failure 

 
(b) Beam-type failure 

Fig. 2. Cantilever failure mechanisms (Patsinghasanee et al, 

20164). 

 Shear failure occurs when the shear stress along the 

vertical plane of the overhanging block weight exceeds 

the resistance force of the cohesive bank1) as shown in 

Fig. 2a. As a consequence, the slump block falls directly 

into the water maintaining its initial dimensions.  

 On the other hand, the beam failure takes place 

when the rotational moment of the overhanging block 

overcomes the resistive moments of the soil strengths in 

the tension and compression zone1) as illustrated in Fig. 

2b. The overhanging block falls into the water rotating 

90 degrees from the pivot point which is located in the 

lowest edge of the failure plane. 

 The criteria used to determine whether shear or 

beam failure will occur depend on the safety factor with 

the smaller value. The program calculates the factor of 

safety for shear and beam failure in each vertical section. 

 Then, both values are compared and the lesser value 

is selected. If the value is less than one then the program 

assumes that the failure occurred.  

 Once the failure occurs the material is deposited in 

the riverbed in front of the banks and the decomposition 

process begins.  

 The dropped material (slump blocks) are 

decomposed by fluvial erosion in two different materials: 

sand and silt. The silt is assumed to become wash load, 

and the failed sand acts as bedload. 

 An important assumption of this model is 

considering that the strength of the slump block is 

reduced once it falls into the riverbed, because the slump 

block experienced a disturbance due to the dropping 1) 

and therefore the fluvial erosion for slump blocks is 

calculated as follows: 

sb sbk      (5) 

where εsb  is the fluvial erosion rate of the slump block 

(m/s) and ksb is the coefficient of the fluvial erosion rate. 

 This coefficient of fluvial erosion rate is calculated 

by trial and error in order to get the best agreement with 

the results. 

 In the model, the sediment transport (qbs) is 

calculated using Meyer Peter Muller (1948): 
5.1** )(8 cbsq  
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where τ* is the non-dimensional bed shear stress and τc* 

is the non-dimensional critical bed shear stress 

(Iwagaki’s equation, 1956). 

 In the model of Patsinghasanee et al, the sediment 

transport rate in the lateral direction qbn was evaluated 

using the Hasegawa’s equation, neglecting the 

secondary current of first kind because a straight channel 

was considered, as given: 
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where zb is the bed elevation; μs and μk are the static 

(=1.0) and dynamic (=0.45) friction factors and y is the 

coordinate component in the lateral direction. 

 The bed deformation was calculated using a 

continuity equation of the bed as: 
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where t is time and λ is the porosity of the material (=0.4). 

 However, the model it is limited to a straight 

channel. 

 

Coupling of the model 
 

The coupling process between the two models is 

considered by correcting the velocity profile of 

Patsinghasanee et al. (calculated using Manning 

equation) by using the near-bank velocity equation 

derived by Garcia et al (Eq.1). A weight function is 

calculated using the following equation: 
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where ucj are the corrected velocities and uj are the 

velocities obtained from Patsinghasanee et al. model and 

nj is the non-dimensional coordinate in lateral direction 

defined as nj=nj*/B*. Equation (7) allows us to obtain a 

more realistic profile where the higher velocities are 

obtained in the outer bank of the bend. 
 

Migration of the channel centerline 
 

First, the width of the channel in each section is 

calculated for every time step and then the coordinates 

of the left and right banks are obtained. The left and right 

coordinates of the bank correspond to the point where 

the water intersects the bank. The coordinate of the 

center of the channel is calculated. Then, the shifted 

distance (Δn) from the current center of the channel 

(ncnew) to the previous one (ncold) along the cross 

section is calculated.  



𝛥𝑛 = 𝑛𝑐𝑛𝑒𝑤 − 𝑛𝑐𝑜𝑙𝑑   (8) 

 

The inclination of each cross-section with respect to x 

axis θ is considered and then the coordinates of the new 

channel centreline are calculated as: 
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The following figure illustrates the procedure explained 

above. 

 
Fig. 3 Procedure for calculating the new centerline 

coordinates (top view).  
 

Model refinement 
Secondary flow 
 

The effect of the secondary flow of the first kind is 

considered in the equation of the sediment transport rate 

in the lateral direction as follows: 
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where ubs and ubn are the near-bed velocities in 

streamwise and transverse directions and N* is the 

coefficient of the strength of secondary flow (assumed 

to be 7.0 for simplicity). 

 

Bank accretion 
 

In nature, it is observed that meandering rivers have a 

constant width in the long term because both processes 

bank accretion and bank erosion have more or less the 

same speed3). While bank erosion occur in the outer part 

of a meander bend, bank accretion occur mainly in the 

inner part. Without accretion the meander would just 

continue eroding the outer bank and the width of the 

channel would increase leading to a more braiding 

condition. The width of the channel in rivers is 

determined as a result of the balance between bank 

accretion and bank erosion3). In order to obtain a more 

or less constant width, it was necessary to include a bank 

accretion model. 

 

 The bank accretion model consider a critical time 

(τcr) for the bank to grow based on the critical shear 

stress and a minimum depth (10% of the initial depth h0) 

condition. If the value of the model remains under that 

condition for a time longer than the critical time then 

bank accretion occur. This approach is based on the 

model of Asahi et al 5) and the procedure followed in the 

calculations are shown in Fig.4. 

 

 
Fig. 4 Flow diagram for bank accretion process 

 

Parametric Cubic Splines 
 
The methodology explained in here for computing the 

channel centerline in each section will cause oscillations 

in the calculations. In order to obtain a smooth transition 

between sections, Parametric Cubic Splines (PCS) 

should be implemented (Motta el al, 2013)6).  

The method applied in this thesis is the same as 

suggested by Ichida et al (1977)7) for planar ordered 

scattered 2-D (two dimensional) data. It improves the 

fitting by using a finite number of splines and 

guarantying a smooth transition between sections. 

 

 

Model application 
 

Two cases were tested: First using a circular channel and 

the second one corresponding to a straight channel with 

one sinusoidal bend. The initial conditions are described 

in the following table: 

 

Table 1. Variables used in the simulation 

Variable Units Value 

Discharge L/s 6.45 

Bank Height m 0.2 

Channel Width m 0.3 

Silt-clay content % 30 

Internal friction angle ° 34.3 

Slope - 1/100 

 

Circular channel 
 

An infinitely long circular channel with constant radius 

of curvature was considered. For the case of non-

cohesive material, the results were compared to 

experimental results of Fukuoka et al. and are plotted in 

Fig. 6. All the three cases underestimate the erosion in 

the outer bank. However, Case 1 presents the best 

agreement with the cross-sectional shape obtained in the 

experiment. 



 

Fig.5 Plan shape evolution for cohesive banks for Case 8: Coupled model. 

 

For the case of cohesive banks, the model was tested 

using the same conditions of Patsinghasanee et al.’s 

experiment. The results are shown in Fig. 7, where 

slumps blocks are observed in the river bed. In the outer 

bank (left bank), more fluvial erosion is observed 

compared to the inner bank (right bank). As a result, a 

transversal asymmetric triangular cross-sectional shape 

is developed. 

 
Fig.6 Comparison of the cross sectional views of simulated 

results for non-cohesive banks and experimental results 

of Fukuoka et al. (red) for Cases 1 (green), 2 (blue) and 3 

(grey) at t=180 min (outer bank: left, inner bank: right). 

Fig.7 Cross sectional view of the initial conditions for non-

cohesive banks (grey: sand; blue: water).  

 

One sinusoidal bend 
For this case a hypothetical channel with similar 

characteristics to the experimental data of 

Patsinghasanee et al is considered. The initial bend is 

generated using the sine-generated curve equation. 

𝜃 = 𝜃0 sin (
2𝜋𝑠

𝐿
)  (12) 

where θ0 is the initial angle of the sine-generated curve, 

L is the length of the channel centreline over one 

meander length and s is the length of the curve. 

 The channel is composed of a rectangular cross-

section channel with a width of 0.3 m and a total length 

of 28 m. The initial plan shape consists of a straight 

channel of 4 m, one sinuous section of 8 m and again a 

straight channel with a length of 16 m. The sinuous part 

is generated with the sine-generated equation with an 

initial meander angle θ0=20°. The channel in total is 

composed of 71 nodes. The critical shear stress was 

equal to 0.6 Pa. The results are shown in Fig. 5. 

 

Conclusions 
 

A new coupled model was developed to simulate 

cantilever failures including the effect of slump blocks 

with the following features: 1) the velocity profile was 

corrected by a weight function that depends on the near-

bank excess velocity; 2) the effect of secondary flow 

was considered in the Hasegawa’s equation for lateral 

sediment transport; 3) variation in the downstream 

curvature was considered and 4) a bank accretion model. 

For the case of the circular channel, slump blocks 

reduced the fluvial erosion protecting the banks. 

 On the other hand, for the case of the sinusoidal 

channel it was observed that the plan shape of the 

channel develops more complicated patterns when 

slump blocks are considered. The results presented here 

should be analysed and discussed by developing 

experiments and/or by field observations. 

 

References 
1) Patsinghasanee S., Kimura I., Shimizu Y. and Nabi 

M.: Experiments and modeling of cantilever failure for 

cohesive banks, J. Hydraulic Research (2017). 

2) Garcia M., Bittner L. and Nino Y.: Mathematical 

modelling of meandering streams in Illinois: A tool for 

stream management and engineering. University of 

Illinois (1996). 

3) Crosato, A.: Analysis and modeling of River 

Meandering, Ph.D. thesis, Delft University of 

Technology (2008). 

4) Fukuoka S., Yamasaka M., Takeuchi S., Furuya A., 

and Nagaosa E.: Bank erosion in a curved channel, Proc. 

of Hydraulics, JSF, pp. 721-726. (1983). 

5) Asahi, K., Y. Shimizu, J. Nelson, and G. Parker, 

Numerical simulation of river meandering with self-

evolving banks, J. Geophys. Res. Earth Surf. 118, 2208–

2229 (2013). 

6) Motta D.: Meander migration with physically-based 

bank erosion. Ph. D thesis, University of Illinois at 

Urbana-Champaign, 2013. 

7) Ichida et al. 市田浩三，吉本富士市，清野武：平

面曲線の平滑化，ショートショート，情報処理，
Vol.18, No.1, pp.88-91, (1977). 

Initial 

Slump block 


